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Abstract

In this paper we study the fusion frame potential that is a generalization of the Benedetto-
Fickus (vectorial) frame potential to the finite-dimensional fusion frame setting. We stydy the
structure of local and global minimizers of this potential, when restricted to suitable sets of
fusion frames. These minimizers are related to tight fusion frames as in the classical vector
frame case. Still, tight fusion frames are not as frequent as tight frames; indeed we show that
there are choices of parameters involved in fusion frames for which no tight fusion frame can
exist. We exhibit necessary and sufficient conditions for the existence of tight fusion frames
with prescribed parameters, involving the so-called Horn-Klyachko’s compatibility inequalities.
The second part of the work is devoted to the study of the minimization of the fusion frame
potential on a fixed sequence of subspaces, with a varying sequence of weights. We related this
problem to the index of the Hadamard product by positive matrices and use it to give different
characterizations of these minima.
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1 Introduction

Fusion frames were introduced under the name of “frame of subspaces” in [8]. They are a general-
ization of the usual frames of vectors for a Hilbert space H; indeed frames of vectors can be treated
as “one-dimensional fusion frames”. During the last years, the theory of fusion frames has been
a fast-growing area. Several applications of fusion frames have been studied, for example, sensor
networks [11], neurology [19], coding theory [4], [5] , [16], among others. In particular, applications
which require distributed processing can be well described and studied using fusion frames. We
refer the reader to [10] and the references therein, for a detailed treatment of the fusion frame
theory. Further developments can be found in [7], [9] and [20].

In the finite dimensional setting, a fusion frame is a sequence of subspaces of F" (F = C or R)
together with a set of positive weights such that the weighted sum of the orthogonal projections to
these subspaces (called fusion frame operator) is a positive invertible operator (see Definition 2.1.1).
As in the case of vector frames, it is usually desired that this invertible operator be a multiple of the
identity. In this case, the frame is called a tight fusion frame (TFF). However, tight fusion frames
might not exist for a fixed choice of dimensions d = (d;);e,, of the subspaces, for any sequence of
weights w = (w;)ier,, (see the discussion following Proposition 3.1.1).

Inspired by the work in classical frame theory (see [2, 18]), we study a convex functional on fusion
frame operators (the FF potential or FFP), also studied in [7], which generalizes the Benedetto-
Fickus frame potential. In this paper we analyze its local and global minima. This study is
motivated by the fact that local (global) minimizers characterize unit norm tight vector frames
(see [2, 4, 5, 6, 18]). Since the FF potential can be seen as a “measure of orthogonality” of
the frame vectors, it also provides an interesting geometrical description of fusion frames. These
considerations motivate the study of this type of minimizations in the fusion frame context. It
should be pointed out that a related study can be found in [7]. The authors became aware of this
work in an advanced stage of writing this paper.

The main tool used in [18] for these problems in the case of vector frames, namely majorization
of matrices, can be replaced in the context of fusion frames by the theory developed by Horn and
Klyachko in order to have a spectral characterization of Hermitian matrices which are the sum of a
set of Hermitian matrices. For example, this approach provides necessary and sufficient conditions
for the existence of TFF’s, summarized in a family of inequalities. Although this technique seems
to be rather impractical due to the complex conditions involved, it becomes a useful tool in the
study of the spectral structure of FF potential minimizers.

We first consider the problem of existence of TFF’s. We show some dimensional restrictions
on the subspaces regarding this problem, and then give equivalent conditions for the case of fixed
dimensions and weights. We refer to [7] for further developments in this direction.

The rest of the paper deals with the minimization of the FF potential on some sets of Fusion
Bessel sequences (i.e. sets of projections and weights whose fusion frame operator is not necessary
invertible). Mainly, we work on Bessel sequences with fusion frame operator of trace one. This is a
natural restriction in order to avoid scalar multiplications, and it allows an interpretation of the FF
potential as a measure of the distance between the fusion frame operator and a suitable multiple



of the identity corresponding to the (possibly non-existing) tight fusion frames with trace one. A
detailed discussion of this approach can be found in Subsection 2.2.

The minimization of the FFP is done in three different settings: first, by fixing the weights w
and the dimensions d of the subspaces. Then, by fixing only the dimensions d. Finally, we consider
a fixed sequence of subspaces (W;);er,,, and optimize it over the set of admissible weights. In the
three cases, minimization is made under the previously mentioned “trace one” restriction.

For the first problem, a geometrical approach similar to that done in [18] allows us to obtain a
characterization of local minimizers of the FF potential: they are orthogonal sums of tight frames
on each eigenspace of the frame operator. Then, using Horn and Klyachko techniques, we prove that
all minimizers (even those which are local minimizers) have the same eigenvalues, with the same
multiplicities. Similar results are obtained for the second problem (by fixing only the dimensions
of the subspaces).

The last section of the paper is devoted to the study of the optimization of the fusion frame
potential of fusion frames obtained from a fixed sequence V of subspaces within C™ which generate
the whole space. Since every sequence of weights makes V a fusion frame, we seek the best choice of
weights, meaning those which minimize (globally) the FF potential. Then, we establish a connection
between this optimization problem and the Hadamard indexes of a kind of Gram matrix associated
to the fixed subspaces. These indexes are studied in [12], and they involve the Hadamard or
entry-wise product of matrices. Using these tools, we get a characterization of the set of optimal
weights, and a way to compute them under some reasonable assumptions on the initial sequence of
subspaces. This analysis seems to be new even for the case of vector frames.

However, as it is shown by an example, minimizers could “erase” some of the initial subspaces
(i.e. the set of optimal weights could have zeros). Moreover, it is possible to obtain a minimizer
which is a Bessel sequence of subspaces which stops being generating, a phenomenon which does
not happen in the previous settings. Motivated by this problem, we study the geometry of the set
of all weights w which minimize the FF potential, and in particular their possible supports (namely,
those sub-indexes ¢ such that w; > 0). At the end of the section, we present some examples which
illustrate these type of anomalies.

The paper is organized as follows: Section 2 contains preliminary definitions on fusion frames
and the basic notation used throughout the paper. This section also contains a brief exposition
of Horn-Klyachko’s compatibility inequalities. Section 3 is devoted to the study of minimizers of
the FF potential, restricted to the sets of fusion frames detailed before. In Section 4 we analyze
the problem of minimizing the FF potential for a fixed sequence of subspaces, varying the weights.
The paper ends with an appendix containing definitions and several results concerning Hadamard
indexes of positive matrices, which are related to the contents of Section 4.

We wish to thank to P. Casazza and M. Fickus for letting us know about their excellent work
[7], which is closely related to the present paper.

2 Preliminaries and Notations.

In this paper M,,(C) denotes the algebra of complex n x n matrices, Gl(n) the group of all invertible
elements of M,,(C), U(n) the group of unitary matrices, M, (C)sq (resp. My (C),p) denotes the
real subspace of Hermitian (resp. anti-Hermitian) matrices, M,,(C)" the set of positive semidefinite
matrices, and Gl(n)* = M, (C)* NGl(n). Given T € M,,(C), R(T) denotes the image of T, N(T)
the null space of T, o(T') the spectrum of T, tr T the trace of T, and rk T the rank of 7.

We write Ry = {x € R: 2 > 0} and Ryo = R4 \ {0}. On the other hand, given m € N we denote
by I, = {1,...,m} and by 1 = 1,, € R™ the vector with all its entries equal to 1. Given a vector



v € R", diag(v) € M, (C) is the diagonal matrix with v in its diagonal, and v} € R” is the vector
obtained by re-arrangement of the coordinates of v in non-increasing order. If 7' € M,,(C)g, , we
denote by A(T') € R™ the vector of eigenvalues of T', counted with multiplicities, in such a way that

MNT) = AT
Given a subspace W C C", we denote by Py € M,,(C)™ the orthogonal projection onto W, i.e.

R(Pw) = W and N(Py) = W+. For vectors on C" we shall use the Euclidean norm, but for
matrices T € My, (C), we shall use both the spectral norm ||T|| = ||T'[|sp = max)— |||, and

1
the Frobenius norm ||T']|, = (tr T*T)% = ( 2ijel, |T;;1*) 2. This norm is induced by the inner
product (A, B) =tr(B*A), for A, B € M, (C).

2.1 Frames of subspaces, or fusion frames for C"

We begin by defining the basic notions of fusion frame theory in the finite-dimensional context.
For an introduction to fusion frames for general Hilbert spaces, see [8], [10] or [20] . Briefly, a
fusion frame for C™ is a generating sequence of subspaces, equipped with weights assigned to each
subspace. Nevertheless, we prefer to give the “frame style” definition, which adjusts better to our
purposes.

Definition 2.1.1. Let W = {W;};c1,, be closed subspaces of H =2 C", and w = {w; }ic1,, € RY,.
The sequence Wy, = (w; , Wi)ier,, is a fusion frame (FF') for H, if there exist A, B > 0 such that

AlfIP < Y- wf 1w, fII? < BIFI? for every f € H. (1)
1€lm

If only the right-hand side inequality in Eq. (1) holds, then we say that W), is a Bessel sequence
of subspaces (BSS) for H. The frame operator of W,, is defined by the formula

= wi Py, € Mu(C)F. (2)
i€l

Observe that W, is a FF if and only if Sy, € Gl(n)* and, in this case A I, < Sy, < BI,. We
say that W, is a tight FF (TFF) if A = B, in other words, if Sy, = AlL, .

Remark 2.1.2. Let W, = (w;, W;);e1,, be a BSS for C". For each i € [,,, we can take an
orthonormal basis (ONB) B; = {ey)} jeg; of Wi. Hence, for every f € H, we have that

Py, f = Z g-l , for 1€l,, = Sw,f= Z w? Py, f = Z Z frwiex’)w;e
JeJ; i€y, i€l jEJ;
Therefore, W,, induces a vector Bessel sequence F = {wl . e L, j € J;} which has a very

useful property: Its frame operator Sz = Syy,, .

2.2 Sets of fusion frames and the FF-potential
We shall establish some notation regarding sets of BSS’s and FF’s:
Definition 2.2.1. Fix n, m € N and consider a Hilbert space H = C".

1. Let By, » the set of all BSS’s of the form W,, = (w, W) = (w; , W;)ier,,, where w € RT* and
W a sequence of m subspaces of H = C™.



2. Given a sequence d € N™ such that trd = ) d; > n, let
i€l

B n(d) = {Ww €Bpy » dimW; =d; forevery i€ Hm} , (3)

3. Given d € N and v € RZ, let
Bpn(d,v) = {Wy € By 0 dimW; =d; forevery i€l, and w=v} (4)
the subset of By, »(d) of BBS’s with a fixed sequence of weights v.
4. Finally, let
B}nm(d) = {Wy € By dimW; =d; for every i €I, and Z widi =1}, (5)
i€lm
the set of those W,, € By, »(d) such that tr Sy, =1
5. We say that a pair (d,w) € N™ x R”, is normalized if trd > n and Y, w?d; = 1. Observe

1€l

that (d,w) is normalized if and only if By, »(d,w) C B}, ,,(d).

6. The sets of fusion frames with the same restrictions will be denoted by replacing the letter B
by S. More precisely, we consider:

(a) The set Spy p = {Wy € By n : Wy is a FF }. In other words, a sequence W,, € Sy
it w € RY, and W a generating sequence of subspaces of H. In a similar fashion:

(b) For a fixed d € N™, the set Sp, n(d) = {Wy € By n(d) : W, is a FF }.

(c) Given a pair (d,v) € N x RY;, S, n(d,v) = {Wy € By n(d,v) : W, is a FF }.

(d) If d € N™, the set S}, .(d) = {Wy € B}, ,(d) : W, is a FF }.

The following definition is suggested by the classical Benedetto-Fickus potential, whose value in a
vector frame F can be calculated as FP(F) = tr SZ.

Definition 2.2.2. Given W,, = (w; , W;)ic1,, € Bm n, the Benedetto-Fickus fusion frame potential
(FF-potential or FFP) of W,, is given by:

FFP (W Z wiw? tr(Pw, P,) = tr Sy, - (6)
1,5=1

Observe that, if dimW; = 1 for every i € I, then FFP (W,,) = FP(F), for any vector Bessel
sequence F obtained from W,, as in Remark 2.1.2.

The scope of this paper is to study minimizers of the FF-potential. In order to avoid scalar
multiplications (note that FFP (W;.,,) = t* FFP (W,, ) ) we shall restrict ourselves to minimize the
FF-potential on subsets of B}, ,(d), for d and m fixed. In other words, we shall minimize the
FF-potential for those sequences W,, such that tr Sy, = 1.

This specific restriction is justified because, if there exist tight FF’s in B,, ,(d), then their FF-
potential and frame bounds are determined exactly by the trace of their frame op(grators. Namely,
if Wo € B n(d) is tight, and tr Syy, = a, then Sy, = & I,, and FFP (W,,) = %

Even in the case that there are no TFFE’s in By, ,(d), this restriction seems to be quite natural.
Indeed, for BSS’s with fixed trace, the FF-potential can be seen as a measure of the (Frobenius)
distance of their frame operators to a fized multiple of the identity:



Proposition 2.2.3. Let W,, € B}, ,(d). Then

=Sy, - L = FrPOV,) - L.

5 Lo = Sw |

Proof. Since tr Syy, =1, a direct computation shows that

H%IH—SWij:tr(#In—%Sww+S§Vw):trSV2Vw -1 0

The last result shows that if there exist tight FF’s in B}, ,,(d), then they are the unique global
minimizers of the FF-potential on B}, ,(d). But in the case that there are no TFF’s in B, (d),
the minimization of the FF-potential becomes more interesting: it provides the elements of Bfln,n(d)
that can be expected to have the best properties.

In this paper we deal mostly with these type of minimizations under two different further restric-
tions: we work in the set By, n(d,w) C B}, ,(d) for a fixed normalized pair (d, w), or we fix a
generating sequence WV of subspaces, and minimize the FF-potential over all sequences of weights
w € R such that Wy, € B}, ,,(d).

2.3 Klyachko-Fulton approach

Recall that given z € R”, we denote by ! € R™ the vector obtained by rearranging the coordinates

of x in non-increasing order. Given z, y € R™ we say that x is submagorized by y, and write x <, v,
k k n n
if xll <3 yll for every k € I,,. If we further have that tr(z) = > x; = > y; then we say that
i=1 i=1 i=1 i=1
x is majorized by y, and write x < y.

Example 2.3.1. As an elementary example, that we shall use in what follows, let z € R’ and

0 < a < tr(z) < b. The reader can easily verify that &1, <, = < bey .

(Sub)majorization between vectors is extended by T. Ando in [1] to (sub)majorization between
self-adjoint matrices as follows : given A, B € M,,(C)s, , we say that A is submajorized by B, and
write A <, B, if AM(A) <y A(B). If we further have that tr(A) = tr(B) then we say that A is
majorized by B and write A < B.

Although simple, submajorization plays a central role in optimization problems with respect to
convex functionals and unitarily invariant norms, as the following result shows (for a detailed
account in majorization see Bhatia’s book [3]).

Theorem 2.3.2. Let A, B € M,,(C)**. Then, the following statements are equivalent:
1. A=<y, B.
2. For every unitarily invariant norm || - || in M,,(C) we have ||A|| < || B
3. For every increasing convex function f : R — R we have tr f(A) < tr f(B).

Moreover, if A <,, B and there exists an increasing strictly convex function f : R — R such that
tr f(A) = tr f(B) then there exists U € U(n) such that A = U*BU. O

In what follows we describe the basic facts about the spectral characterization of the sums of
Hermitian matrices obtained by Klyachko [15] and Fulton [14]. Let

Kn={01,....jr) eEN": 1<j1 <ja...<jr <n}.



For J = (j1,...,jr) € K], , define the associated partition
M) =Ur—ry.oyj1—1).

Denote by LR (m) the set of (m + 1)-tuples (Jo,...,Jm) € (K5)™! such that the Littlewood-
Richardson coefficient of the associated partitions A(Jp), ..., A(Jp,) is positive, i.e. one can generate
the Young diagram of A(Jp) from those of A(J1),. .., A(J;,) according to the Littlewood-Richardson
rule (see [13]). With this notation and terminology we have

Theorem 2.3.3 ([15, 14]). Let A\; = )\Zl = ()\gi), . ,AS)) € R" fori = 0,...,m. Then, the following
statements are equivalent:

1. There exists A; € M, (C)g, with A(A4;) = A; for 0 < i < m and such that
A0:A1—|—...+Am.

2. For each r € {1,...,n} and (Jo,...,J ) € LR} (m) we have

tion S A0 — S s~ @
plus the condition > A7 = > 3> A7
j=1 i=1j=1
Moreover, if (A;)!", are as in item 1. above and (Jy,. .., Jy,) € LR, (m) satisfy equality in Eq. (7),
then there exists a subspace L C C™ with dim L = r, that simultaneously reduces A; for 0 <i <m

and such that \(Pp A;) = ()\g-z)) jeJ;» where Pp, denotes the orthogonal projection of C" onto L. [

We shall refer to the inequalities in Eq. (7) as Horn-Klyachko’s compatibility inequalities.

3 On the existence of tight fusion frames.

In this section we study the problem of the existence of TFF’s in B}, ,,(d), the set of BSS’s W,, in
C™ with fixed dimensions given by d € N™ which satisfy tr Syy,, = 1.

3.1 Dimensional restrictions

There are rather important differences between vector frames and frames of subspaces regarding
the (fusion) frame potential. For example, in [2] (see also [6] and [18]) it is shown that the local
minimizers of the frame potential on the set (m > n)

Fﬁln ={F ={fi}ic1,, : each f; € C" and tr(Sr)= Z Ifil> =1}
€Ly
are tight frames. Since the set F,}“l is compact and the frame potential is a continuous function,
there must be global (and hence local) minima of the frame potential. This was used to give an
indirect proof of the existence of such frames in the vectorial case.

Let d € N™ with trd > n and consider the set B}, ,,(d) defined in Eq. (5). Using Remark 2.1.2 it
follows that if d = 1, , we can identify B}, ,(d) with F},, , . Then the existence of TFF in B}, (1)
is guaranteed, by the comments above. Hence it seems natural to ask whether there exist TFF’s
in B’rln,n(d) for arbitrary d. Observe that, in such case, the set of global minimizers of the FFP on
B}n’n(d) would coincide with the set of TFF’s, by Proposition 2.2.3. Nevertheless, the following
results show that in general the answer to that question is no.



Proposition 3.1.1. Let (d,w) € N™ x RZ be a normalized pair, with M = trd > n, and assume
that Wy, € B}, ,(d) is a TFF, so that Sy, = L I, If there exists i € I,, such that

M—di:deSn—l = w?:% and Py, Py, =0 for every j €Iy \{i}.
koti

Proof. Consider the tight vector frame F = {wl2 ey) : i€ Ly, j €Iy} associated to W, , as
described in Remark 2.1.2. Let G € Mj;(C)* denote the Gram matrix of the vector frame F and

let G; = wf I;, denote the Gram matrix of each subsequence {wl2 egi) : j €l }. Then each G; is a

d; x d; principal sub-matrix of G. By Cauchy’s interlacing principle [3] we get:
Ai(G) 2 Aj(Gh) 2 Av—ai+5(G)  for 1< j<d;,

where A(G) = (A;(G) )jer,, (resp A(G;) € R%) denotes the vector of eigenvalues of G (resp. G;)
counting multiplicities and with its entries arranged in non-increasing order. By assumption,

NG =L forjel, , N(G)=0 for n<j<M, and \(G;)=w? for jel,.

i
Thus if Z dk <n-— ]_7 then M*dZJrl <n and % == )\M—di—i—l(G) < )\1(Gl) = U)ZQ < )\1(G) = % It
ki
is known that, in this case, each of the vectors eg-
vector in the in -tight vector frame F, which implies the last assertion of the theorem. [l

i), 1 < j <d;, must be orthogonal to every other

Example 3.1.2 (About the existence of TFF’s in B}, ,,(d) ). Consider now d = (2,2) and assume
that there exists W, € By 3(d) that is a TFF. That is, we assume that there exist two subspaces
W; € C3 with dimW; =2, i = 1,2 and w;, wa € Ryg such that %13 = w? Py, + w3 Py, . Since
dy, do < 3 — 1 we conclude from Proposition 3.1.1 that w% = w% = % , and Py, Pw, = 0, which is
impossible. This argument can be extended to show that if the choices of d = (d;);e1,, are such

that each d; is relatively small compared with n and ) dj then there are no TFF’s in B%Ln(d).
ki
For example, in B}, 5, (2 1), 331’77(37 3,3), B§79(4, 4,4), etc., there are no TFF’s.

Remark 3.1.3. The previous results show some dimensional restrictions for the existence of TFF’s
in B}, ,(d). In the paper [7], some sufficient conditions on n, m and d are given (particularly if
d is a multiple of 1,,), which assure the existence in B}, ,,(d) of such fusion frames. For further
results in this direction, see also [16].

3.2 Characterizations for fixed weights

Recall that, if Wy, = (w; , Wi)ier,, € Bm n, the FEP of W, is given by

FFP W,) = Z w?wjz tr(Pw, Pw,) = tr S -
ij=1

Definition 3.2.1. Given W,, = (w; , Wj)icr,, € Bm n, we define also the following matrix:

m m
P,Ww) = > wiw?(Pw,Pw,)"Pw, Pw; = Y _ wiwj Pw, Pw, Pw, € M,(C)". (8)

i,j=1 i, j=1

The matrix P,(-) is related to the so-called g-potential [17] defined in the more general context
of reconstruction systems. Notice that the FF-potential of the sequence W,, can be computed in
terms of Py(Wy), since FFP (W) = tr S3, = tr Py(W.,).

8



The following theorem gives us some general bounds for the matrix P,4(-) and states several condi-
tions on Wy, € By, »n(d) which are equivalent to the assertion that W, is a % -TFF.

Theorem 3.2.2. Let W, € By, n(d) such that tr Sy, = Y. w?d; > 1. Then
1€y,

2 I <w Py(Wa), (9)
for every UIN || - || on My (C) with associated symmetric gauge function v we have that
w2 () < POVl (10)
and for every increasing convez function f: Ry — R with f(0) =0 we have
nef(Gz) St f(Pg(Wu)). (11)
On the other hand, the following conditions are equivalent:
(a) Wy is a L -TFF.
(¢c) Majorization holds in Eq. (9).
(d) There exists a UIN on M, (C) such that equality holds in Eq. (10).
(e) There exists an increasing strictly convex function f : Ry — Ry with f(0) = 0 such that
equality holds in Eq. (11).
Proof. Since tr(Sw,) > 1, it follows from Example 2.3.1 that + I,, <., Sy, . By Theorem 2.3.2,
Lotr(1 1) <trSy, =trPiWw) = 51 <w PdWa),

using Example 2.3.1 again. Notice that by Theorem 2.3.2, Eq. (10) and Eq. (11) are consequences
of this last fact. Assume that W,, is a %—T FF. Then Sy, = Z;n:l w?PWj = % I, . Therefore

m m m
P,Wu) = Y wiw?Pw, P, Py, = Zw?PWi< 3 w?py, )Pwi
i,j=1 =1 J=1
m
=> wiPw,(+ L) Pw, =% I
=1

It is clear that this equality implies conditions (c¢), (d) (for every UIN) and (e) (for every f).
Assume now that equality holds in Eq. (10) for some UIN. Then, using Eq. (9) we get

r Po(Wew
ke (1) = POV = AP (W)) = =P8 (1) >y (1),
Hence, tr P,(W,) = 1 =tr (# n), and majorization holds in Eq. (9). In this case, we have that
tr ( # I,) =tr Pe(Wy) = trSp, -

Since L1, < Sy, and the function f(z) = 2? is strictly convex, by Theorem 2.3.2 we conclude
that there exists a unitary U € U(n) such that Sy, = U*(1 I,)U = L I,,. Finally, if there exists

f:Ry = Ry asin (e), then Theorem 2.3.2 and Eq. (9) imply that Sy, = < I,. O

Theorem 3.2.3. Let (d,w) € N™ x RY,, be a normalized pair. Then, the following statements are
equivalent:



1. There exists Wy, = (w; , Wi)ier,, € Bm,n(d, w) which is a % -TFF.
2. For every 1 <r <n—1 and every (Jo,...,Jm) € LR} (m) we have that

Ly wi [ Lin{l,. L did
i€l

3. There exists an orthogonal projection P = (Pij)i jer,, € Mm(Mnp(C)) of rank n such that
ﬁ P;; is an orthogonal projection of rank d; in M, (C), for every i € 1, .

Proof. Notice that condition 1 is equivalent to the existence of orthogonal projections {P;}cr,,

with rk P; = d; such that ) w?PZ- = %In. Hence, Theorem 2.3.3 assures that condition 1
€Ly

implies condition 2, since these are Horn-Klyachko’s compatibility inequalities for the spectra of

{wi2 Pi}ier,, and ln I, . The converse of the previous implication also follows from Theorem 2.3.3

since a self adjoint operator A with \(4) = («,...,a,0,...,0) € R™ is necessarily of the form

A = a P for some projection P € M, (C).

Assume now condition 1 and let Wy, = (wi, Wi)ier,, € Bp, ,(d) be a +-TFF. Let us consider a
partial isometry V; € M,,(C) such that V;*V; = Py, , for every i € I,,,. Define

VE = [ Vi wa V5 |- |win Vi ] € Mo i (C).
Observe that V*V = 3 w?V*V; = L I, Hence VV* = (wiw; ViVI)"—q € Mm(M,(C) ) satisfies
i€l
that VV* = L P for an orthogonal projection P = (P); je1,, € M (M, (C) ). By comparing the
diagonal blocks we get that

%Pﬁ:w%Vin = %w?PM:ViVi*, for every i1€1, .

Conversely, assume that P = (P;j); jer,, € Mm(Myn(C)) is a projection with rk P = n as in (3).
Then there exist a matrix U = [Uy|-- - |Un] € My mn(C) (where each U; € M,,(C)) such that
UU* = I, and P = U*U. Comparing the block diagonal entries, for every i € 1, we get that
ﬁ P, = %wf UrU; and Q; = ﬁ U;U; is also an orthogonal projection of rank d; . On the other
hand, we have that

L, =100 =) w LU0 =) wiqi. (12)

i€lm ' i€lm
Taking W; = R(U;) = R(Qi), we get that Py, = Q; for every i € I,,. By this fact and Eq. (12),
we conclude that the sequence W = (w;, Wy)ier,, € By, ,(d) is a L _TFF for C". O

4 Minimization for fixed weights

Recall that a pair (d,w) € N™ x RZ; is called normalized if trd > n and Y ,.; w?d; = 1. In
this section we study, for such a pair (d,w), the structure of minimizers for the FFP in the set
B, n(d,w) of BSS’s W, in C" with fixed dimensions given by d and fixed weights w.

4.1 Lower bound for the potential

In this subsection we translate, using Remark 2.1.2, some well known results about vector frames
(see [6] or [20]) to the FF context. An interesting fact is that there is a notion of irregularity,
defined in terms of the parameters of a given FF, which agree with the vectorial n-irregularity of
their associated vector frames. Nevertheless, the lower bound obtained for the FF-potential is not
always attained in the set By, »(d,w) (see Example 4.1.3) .
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Definition 4.1.1. Given a pair d € N™ and w = w! € R, consider its g-irregularity defined as

J m
Jo(d,w) =max ¢ je€L, : (n—Zdi)w32> Z w?d; 3,
i=1 i=j+1
if this set is not empty empty. In the case where it is empty, let Jy(d, w) = 0.

Proposition 4.1.2. Let (d,w) € N™ x RY, be a normalized pair, where w = wt. Recall that

&t
M= %" d;>n. Let jo = Jo(d,w) and c = % < w?o Af Wy € By, n(d, w) then
i€y n—z d;
i=1
Jo m
FFPWy) =Y diw} +(n— Y di) ¢. (13)
i=1 i=jo+1

Moreover, equality holds in Eq. (13) if and only if the following two conditions hold:
1. Py, Py, =0 for 1 <i# j < jo and
2. {wi , Wi, 41 s a TFF for span{W;: 1 <i < Jo}t.

Proof. 1. Let Wy, € By, n(d,w) and let F = {w? egi) : i €l,, j€ly} be an associated vector
frame, as described in Remark 2.1.2. Let a € RM™ denote the vector whose coordinates are the
norms of the elements of F arranged in non-increasing order. Then,

k—1
wy = ayky) , Wwhere M(k,j) = Zdi +34 , for kely, and jelg, .
=1

We now consider the n-irregularity r,(a) of the vector a :

M

rn(a):max{j €1 (n—ja; > Z ai},

i=j+1

Jo
if the set on the right is non-empty, and r,(a) = 0 otherwise. It is straightforward that r,(a) = >_ d;
i=1

in the first case. Therefore, inequality (13) can be deduced from [6, Theorem 10] (see also [20]).
The same result of [6] shows that equality in Eq. (13) implies that S; = {eg»l) 1 <i<jo, jely}

is an orthonormal system in C”, and S5 = {eg-i) tJjo+1<i<m, jely}is a tight frame for St,
where § = span {S;} = span {W; : 1 <i < jo}. O

The following example shows that the lower bound in Eq. (13) is not sharp in general.

Example 4.1.3. If weset n = 3,d = (2,2) and w1 = wy = 3 then > w?d; = 1 and Jo(d,w) = 0.
i€l

Therefore, by Theorem 4.1.2 the equality (13) holds only in tight fusion frames. Still, there are no

TFF’s in By 3(d, w) C Bz 3(d) since the Example 3.1.2 shows that there are no TFF’s in the (bigger

set) Bg’g(d).
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4.2 Structure of local minima: The geometrical approach

In what follows we consider a perturbation result for Bessel sequences of subspaces. We begin
by considering some well known facts from differential geometry that we shall need below. In
what follows we consider the unitary group U(n) together with its natural differential geometric
(Lie) structure. It is well known that the tangent space 77, U(n) at the identity can be naturally
identified with the real vector space

My (Cap =i+ Mp(C)gq = {X € Mp(C): X* = -X},
of anti-Hermitian matrices. Given G € M,,(C)™ we consider the smooth map
Ug:UMN) —UG) CM,(C) givenby VYa(U)=U'GU, Ue€elU(n), (14)

where U(G) is the unitary orbit of G. Under the previous identification, the differential of ¥« at
a the point I, € U(n) in the direction given by X € M,,(C),y, is given by

(DY), (X)=XG - GX = [X,d]. (15)

It is well known that the map W¢ is a submersion of U(n) onto U(G). Therefore, the differential
(D¥¢)g, is an epimorphism, and hence Eq. (15) gives us a description of the tangent space of the
manifold ¢ (G) at the point G: We have that ToU(G) = { [X,G] : X € M, (C)qp }.

We now adopt the notation ML (C)s, = {A € M, (C)gq : tr A = 1}. Observe that ML(C), is an
affine manifold contained in the real vector space M, (C)s,, and its tangent space is the subspace
MO(C)sq = {A € M, (C)gy : tr A = 0}. On the other hand, given X,Y € M,,(C)q,, it is easy to
see that tr(XY) € R. Therefore the inner product (A, B) = tr (B*A) of M, (C) still works as a
real inner product on M,,(C)q,

Given a set {P; : j € I,,} € M,,(C)s, of projections, we denote by
{Pj:jel,} ={Ae M,(C): AP;j=P; A forevery j€l,}. (16)

Note that {P; : j € I} is a closed selfadjoint subalgebra of M,,(C). Therefore, the algebra
{P;:jel,} #CI, <= there exists a non-trivial orthogonal projection @ € {P;: j € I,,,}'.

Theorem 4.2.1. Let (d,w) be a normalized pair, and fit Wy, = (wi, Wi)icr,, € Bm,n(d,w).
Denote P; = Py, for every j € I, . Let U : U(n)™ — M),(C)sq € My(C)sq be the smooth function
given by

V(U1 . Un) =Y wiUsPiU;=> wiUp(Uy) , for (Un,...,Un)€Un)™.
j=1 j=1

Then the following conditions are equivalent:
1. The differential of ¥ at I = (I,...,1I,) € U(n)™ is surjective.

2. {Pj:jel,) =CI,.

m

In this case, the image of ¥ contains an open neighborhood of W(I) = > w]z Pj in ML(C)sq, and
j=1

U admits smooth (and hence continuous) local cross sections around ¥ (I).
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Proof. 1t is clear from its definition that ¥ is a smooth function. Moreover, under the previous
identification 77,U(n) = My (C)4n, and using Eq. (15), we can see that

DU[(Xy,...,Xm)=> w}[X;,P;] , for (X1,...,Xm) € Mpn(C)3 . (17)

The tangent space of M} (C)g, is the real vector space M (C)s, , which has a natural inner product
given by (Y, Z) = tr(YZ). Denote by T'= D¥; and assume that T is not surjective. Then there
exists 0 # Y € M?(C)4, which is orthogonal to the image of T. Using Eq. (17) we deduce that,
for every (X1,...,Xm) € M,(C)M , it holds that

0:<T(X1,...,Xm),y>:Zm:w]?tr([x Zw tr (X;[P;,Y]). (18)

Since each [P;,Y] € M,(C),p, we can choose each X; = [P;,Y], and so Eq. (18) implies that
[P;,Y] =0 for every j € I,,. In other words, that Y € {P; : j € I,}. On the other hand, since
0#£Y € M,(C)gq and trY =0, then Y ¢ C I, . The converse follows from the previous argument,
by taking Y € {P; : j € I,,} such that 0 # Y =Y* and trY = 0. O

Let (d,w) € N™ x R, be a normalized pair. We shall consider on By, »(d,w) the distance

dp(Wa ;W) = max | Py, = Py |

(recall that the weights are fixed), called punctual, and the pseudo-distance
ds(Wuw , Wyy) = 15w, — Swy, I,

called operatorial. The problem of finding [ocal minimizers for the FF-potential can be posed with
respect to either of these metrics.

Corollary 4.2.2. Let (d,w) € Nm x RT, be a normalized pair. Assume that Wy, € By, n(d, w)
satisfies that {Pw, : j € I,}' = C1, Then Wy is a FF and the map

S : B n(d,w) — ML(C)sa  given by  S(Vy) = Sy, = Z w? Py, ,

1€,
for Vi = (wi, Vi)ien,, € Bm,n(d,w), satisfies that:
1. The image of S contains an open neighborhood of Syy, in ML(C)sq
2. S has dp-continuous local cross sections around Sy, .

Proof. Notice that the condition {PWj : j € I,} = C1,, implies that W is a generating sequence
of subspaces. To prove the properties of the map S, compose a local cross section for the map ¥
of Theorem 4.2.1 (which is open in I') with the map ® : U(n)"™ — By, »(d) given by

OUy,...,.Un) = (wi, U(W;) )ier,, = (wi, R(U; Pw,U;") ien,, -

Observe that S o ® = U, so that S is open in ®(I) =W, . O
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Remark 4.2.3. Here is an alternative statement of Corollary 4.2.2: Under the same assumptions
on W, , it holds that Sy, € Gl(n)™ and, for every sequence (Si)reny in ML(C)s, such that

Sk = Sw,, , there exists a sequence (Vg)g>k, in Spm,n(d, w) such that
—00

dp(Vi, Wy) —— 0 and Sy, =S forevery ko <keN.

k—o0

This formulation of Corollary 4.2.2 generalizes [18, Thm 5.3] to the context of fusion frames with
fixed weights.

It is not clear that a dp -local minimizer for the FF-potential on By, »(d,w) must be a fusion frame,
i.e. that its frame operator is an invertible operator. The following lemma shows that this is true.

Lemma 4.2.4. Let (d,w) € N™ x RY be a normalized pair. Let Wy, be a dp-local minimizer for

the FF-potential in By, »(d,w). Then Sy, is invertible (equivalently, Wy, € Spm n(d,w) ).

Proof. Suppose that Sy, has nontrivial nullspace N(Sy,, ). If z € N(Sw,, )

0= (Sw, =, x) = Z <wj2~PWj T, )= Z w]2 | Pw, z||?. (19)

j€Im J€Ln

In other words, W; C R(Syy,, ) for every i € I,,,. Since tr(d) > n > dim R(Sy,, ), we deduce that
there exists i # j in I, such that Py, Py, # 0. Fix that pair 7, j. Fix also f € W; \ I/VjL and
g € N(Sw,, ) two unit vectors. For every t € [0, 7/2], take the unit vector ¢g(t) = cost- f +sint - g.

Let V; = W; © span{f}, W;(t) = V; @ span{g(t)} and let W, (t) € By, n(d, w) be the sequence
obtained by replacing W; by W;(t) in W, . As g € Wi for every k € L, , for every t € (0,7/2],

L (FFP (W,,) — FFP (W, (1)) = é wfwi(tr(PWi Pw,) — tr(PWi(t)PWk)>
_ kfjl w2w? (P, P,) = tr (9(8)g(t)" Pir,) — (P P )
_ é w?wd (P, Pi,) — cos?t tr (£ P, ) — tr(Py Py )
> 3 wluf (P, A — tr (£ Pu) — (P P, )
_0.

because tr (ff* Pw,) = ||[Pw, f||* # 0. Hence FFP (V,(t)) < FFP (W, ) for every t € (0,7/2].
Taking ¢t — 0, we have that W, (t) id W, , and this contradicts the minimality of W, . O

Given S € My(C)sq with o(S) = {p1,..., ur}, we denote by Py, (S) = Pn(s—p 1,) € Mn(C)T,
the spectral projection of S relative to g, for k € I, . These projections satisfy that

P
L. Py, (S) P, (S)=0if k#j,and > P, (S) = I, (i.e., they are a system of projectors).
k=1

P
2. For every k € I, it holds that S P,, (S) = uy Py, (S), so that S = > g P, (S).
k=1

The following theorem generalizes a similar result given in [7, Theorem 4], for the case w = 1,, .
Nevertheless, our approach is based on completely different techniques.
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Theorem 4.2.5. Let (d,w) € N™ x RZ; be a normalized pair. Let Wy, € By n(d, w) be a local
minimizer of the FF-potential with respect to the distance dp . If o(Sw, ) = {p1,..., i}, then

Py (Sw,) € Cw, ={Pw, :j€ln} forevery kel,. (20)
The same property holds whenever W,, s a dp-local minimizer in B}n,n(d).

Proof. Recall from Lemma 4.2.4 that W,, € S, »,(d, w), in other words that 0 ¢ o(Sy, ). Consider
the set Q of finite systems of projectors {Q}xer, such that each Qi € Cyy, . Observe that Q is
not empty because {I,} € Q. Then Q has a maximal element {Qg}rer, with respect to the order
induced by refinement. Fix k € I,. For each i € I,, put M; = W;NR(Q) and N; = W; NR(Qx)* .
Using that Qj € Cy,, , we get that each W; = M; @ N;. Set r; = dimM; and r = (r1,..., 7).
Then, the sequence Wy o, = (wi, M;)ier, is a FF for R(Qy). We claim that W ,, is a local
minimizer of the FF-potential in

B(Qy,r,w) = {V = (w;, Vi)ier,, € Bm,n(r,w) : V; C R(Qy) forevery ielp, }

Indeed, given V,, € B(Qg,r,w), put Vy = (w;, Vi ® Ni)icr,, € Bm.n(d,w). Observe that the map
Vw — f/w preserves the distance dp. Moreover, since Qi € Cyy,, , then each Py, = (I, — Qr)Pw;,
so that, by Eq. (6), FFP (V,) = FFP (V,,) + FFP ((wi,Ni)ier, ), and the second summand does
not depend on V,,. Then, the claim follows from the fact that Wk,w =Wy -

Observe that Syy,, commutes with Qi . We now show that Syy,, Qr = a Qy for some oy, € o(Syy,, ) -
Indeed, by the maximality of {Q;}!_; in Q, it follows that there is no non-trivial sub-projection
Q' of Qi such that Q' € {Py, : j € I,,}'. Then we can apply Corollary 4.2.2 (taking H = R(Qx)
and renormalizing the traces) to show that every positive operator (with the correct trace) near
Sw,, Qk has the form Sy, for some V,, € B(Qg,r,w) close to Wy, . But if Sy, Q is not a scalar
multiple of Q) , then we can choose Sy, in such a way that

FFP (V) = tr S5 < tr (Sy, Qr) = FFP (Wy).

This contradicts the fact that Wy is a local minimizer of the FF-potential in B(Qg, r,w). Hence,

P
Sw, Qr = ar Qr and Qi < Py, (S, ). Using that Y Qi = I,,, it is easy to see that each
k=1

Pu(Sw,) =Y Qu€Cyw, , where Ji={kel, : ap=p}. O
ke J;

Remark 4.2.6. Next we give two reinterpretations of Theorem 4.2.5. Under the assumptions of
the theorem, the following properties hold:

1. For each i € I, , there exists an ONB B; = {e§.i) :j €1y} of W;, consisting of eigenvectors of
Sw,, - Indeed, observe that each Py, = >,y Pw, Py, (Sw, ) and the fact that, for a fixed
i € L, , the projections Py, P, (Sw, ) are pairwise orthogonal.

2. For each py, € o(Sw, ), denote by My, ; = N(Sw, — pr In) N W;. Then, it follows that the
sequence Wy, = (w; , My, i)ic1,, is a tight FF for N(Sy, — p In). This follows because its
frame operator Sy, = P, (Sw, ) Sw, = ttk Pu, (Sw, )-
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4.3 The eigenvalues of all dgs-minimizers coincide

Recall that, given S € M,,(C)s,, we denote by A(S) € R™ the vector of the n eigenvalues of S,
counted with multiplicities, in such a way that A(S) = A\(S)!.

Lemma 4.3.1. Let (d,w) € N x RZ; be a normalized pair. Then
1. Bm, n(d,w) is dp-compact.
2. The set Ay n(d, w) = {A(Sw,) : Wy € B n(d,w)} is a convex and compact subset of R™.
3. The set {Sw,, : Wy € B n(d,w)} is compact and closed under unitary conjugation.

Proof. Let Wy, W,, € By, n(d, w). For t € [0,1] consider A =t A(Sy,,) + (1 —t) A(Swr ) and notice
that A = Al. Therefore, for every admissible (m + 1)-tuple (Jo,...,J) € LRI(m), 1 <r <n—1
we have

SN =3 0 (Sw,) + (16 A (Swy) ZZ L di 0
=1 jeJ;

j€Jdo =1 jeJ;

since both A(Syy,) and A(Syy ) satisfy Horn-Klyachko’s inequalities. Hence, by Theorem 2.3.3,
there exists V,, = (wi, Vi)ien,, € Bm,n(d, w) such that A(Sy, ) = A. This shows that A € A, »(d,w),
so that Ay, »(d, w) is convex. The fact that the set {Syy : Wy, € By, n(d, w)} is closed under unitary
conjugation is apparent. Finally By, »(d,w) is dp-compact because each Grassmann manifold

Py.(n) ={P=PPeM,(C)t :trP=d;} ={UPU*:U cU(n)} =U(P),

for every fixed P; € Py,(n), is compact. This follows because U(n) is compact. By continuity, the
other sets involved are also compact. O

Theorem 4.3.2. Let (d,w) € N x RZ be a normalized pair. Then,

1. The spectra (with multiplicities) of all the frame operators of global minimizers of the FF-
potential in By, n(d,w) coincide.

2. The local minimizers of the FF-potential in By, »(d,w) with respect to the pseudo-distance dg
lie in Sy, n(d,w) and are also global minimizers.

Proof. Let Wy, € By, n(d,w) and notice that FFP (W,,) = ||A\(Sw,)||?. Since Ap, n(d,w) is a
compact convex set, then there exists a unique Ao € Ay, »(d, w) which minimizes the Euclidean
norm on A, ,(d,w). Hence, if W, is a global minimizer of the FF-potential in B, ,(d,w), we can
conclude that [|A(Sw, )2 < |[Mol/?, which implies that A(Sy,,) = Ao -

Observe that the map o : By, n(d,w) — Ap, n(d,w) given by oW, ) = A(Sw,,) is continuous
with respect to the pseudo-distance dg of By, »(d,w). Moreover, o is an open map. Indeed,
fix Wy € B n(d,w), X = X(Sw,) € Am, n(d,w) and take p € Ay, n(d,w) close to A. Take
U € U(n) such that Sy, = Udiag(\)U*. By Lemma 4.3.1, there exists V,, € By, »(d,w) such
that Sy, = Udiag () U*. Now observe that ds(Wy , Vi) = [[Sw, — Sv, || = [|A — t]|o -

Therefore, if W, is a dg-local minimizer of the FF-potential in By, ,(d,w), then A(Sy, ) is a local
minimum for the Euclidean norm in the set A, ,(d,w) C R™. By a standard computation, the
convexity of Ay, n(d,w) implies that A(Syy, ) must be the global minimizer A\, and therefore W,
is a global minimizer in By, ,(d,w). O
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Conjecture 4.3.3. Local minimizers of the frame potential in By, n(d,w) (resp. Sy, ,,(d)) with
respect to punctual distance dp are also global minimizers.

In some particular cases (i.e. for particular choices of the parameters n, m, d and w), there is an
affirmative answer for this conjecture (see [7, Theorem 5]).

Remark 4.3.4. All the previous results remain true if one replaces By, »(d, w) by B}, ,(d), the
set of those W,, € By, such that tr Sy, = 1. In other words, minimizing the FFP without fixing
the sequence of weights. We present some of the new statements without proofs, since they are
based on techniques that are similar to those already developed.

1. As in the proof Lemma 4.3.1, Horn-Klyachko’s compatibility inequalities (7) show that
A}n’n(d) ={A(Sw,): Wy € B,lnn(d)} is compact and convex.

2. This fact implies that the (ordered) spectra of the frame operators of global minimizers of
the FF-potential in B}, ,,(d) coincide.

3. Finally, the argument of the proof of Theorem 4.3.2 can be adapted to yield that local
minimizers of the FF-potential in B}, ,,(d), with respect to the operator distance dg , are also
global.

As in the case of fixed weights (Lemma 4.2.4), the global minimizers for the FF-potential in B, ,,(d)
are fusion frames.

Proposition 4.3.5. Let W,, be a dg-local (and hence global) minimizer for the FF-potential in
B}, .(d). Then its frame operator Sy, € Gl(n)T. In other words, W, € S}, ,(d).

Proof. Let J ={i €L, : w; # 0}, and k = ) _ d;. Note that, if £ > n, we can apply Lemma 4.2.4

ieJ

(fixing the weight w;) and we are done.

We assume that k£ < n, and will obtain a contradiction. Without loss of generality, we can suppose
that J = I,.. It follows immediately that W; L W, for 1 < i # j < r and w? = % for every
1 <i<r. Thus, FFP (W, ) = % . Moreover, if d = d,11, then k 4+ d > n. Otherwise, if we take a

subspace W;41 C ( U w; )l with dim W11 = d and we set w? = ﬁ , for i € I, 41, then we get

i€l,
a BSS in B}, ,(d) with FF-potential 25 < % .
Therefore, we can construct V, = (v;, Vj)jer, ., € B, ,(d) in the following way:
, fa if1<j<r W; fl<js<r
vy = o and V; = T L e
b ifj=r+1 ([ PW] T ifj=r+1,
i=1

where T' C @;_, W; is a subspace with dim7T = d+k —n (so that dim V, 41 = d), and ka +db = 1.
It is easy to see, by taking an orthonormal basis of each subspace V;, that

fla) =FFP(V,) =ka?+db* +2(d+k—n)ab with ka+db=1, a€[0,+]. (21)

Easy computations show that f’(%) = z(n(;k) > 0. Since f(lk) = lk , there exist pairs (a,b) such
that the FF-potential is lower that lk , which contradicts the minimality of W, . O

Next, we summarize the facts described in Remark 4.3.4 and Proposition 4.3.5.

Theorem 4.3.6. Let d € N™. Then, local minimizers of the frame potential in B}nm(d) with
respect to the pseudo-distance dg lie in S}n’n(d) and are also global minimizers. Moreover, the
spectra of the frame operators of these local minimizers coincide. ([
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5 Minimization for fixed subspaces

In this section we shall characterize the sequences of weights which minimize the potential of a fixed
sequence of subspaces. The main tools are some results about Hadamard indexes of [12], which
we shall state in some detail in the appendix. Recall that, for A, B € M, (C), their Hadamard
product is the matrix A o B = (A;j Bij)i jer, € Mn(C).

5.1 Minimal weights

In this section we fix m € N, a Hilbert space H with dim’H = n, and d € N with M =trd > n.
We also fix a sequence W = {W, }ie1,, of subspaces which spans H, such that dim W; = d; for all
i € I, . Our aim is to minimize the FFP over all sequences w € R’} such that W,, € B}mn(d).

Recall that the Benedetto-Fickus FF-potential of W, is given by:
m
FFP (W,) = > wiw] tr(Pyw, Py,) = tr Sy, . (22)
ij=1
Definition 5.1.1. Given Wy, = (w;, Wi)ier,, € By, »(d), let B = Byy,, € M,(R) be defined by
Bij = w?wf tr(Pw, Pw,) , for every i, j € lp.
Lemma 5.1.2. Let Wy, = (wi, Wi)ier,, € By, (d). Then, By, € Mp(R)".

Proof. Indeed, By, € M,,(R)* because it is the Gram matrix for the vectors {w? Py, }icr,, in the
Euclidean space M,,(C) with the inner product defined as (X, Y) = tr (Y*X). O

5.1.3. We shall fix some notations and assumptions:

1. We begin with a fixed normalized sequence of weights, in the sense that

_1
W = (wj)ier,, isgivenby w;=d, > forevery i€l,.

Observe that the condition w; = d; > means that each “vector” w; Py, of W,, has size
|lwi Pw, ||, = w; tr Py, = 1. This justifies the word “normalized” for W, .

[N

2. Given a sequence of weights a = (a;);er,, € R, we denote by a-W,, the Bessel sequence of
subspaces a - W, = (a; w; Wj)ier,, -

3. If a € R7, then tr(Saw, ) = Y. a?w?d;. Therefore, as we start with normalized weights,
i€l

a-Wy €Bl,,(d) <= Y quwidi=)Y a=1 < |al|=1. (23)

1€l 1€l

NIE

4. Let A = Ay, € My, (R) be the matrix given by A;; = (Bw, )5 = w; w; tr(PWiPW].)%, for
i,j € I, . Observe that A is selfadjoint, but possibly 4 ¢ M,,(R)". On the other hand,

)
<

=

m
FFP (Wy) = 3 wiw] tr(Pw,Pw,) = [Aw, |7
z,];l (24)
FFP (a-W,) = Y a? a? w? wJQ- tr( Py, Pw,) = [|aa* o Ay, ||7 .
ij=1
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5. Using the previous identities, we can now define the main notion of this section:

I(Wy ) := min FFP (a-W,,) = | in1 |aa* o Ay, [|7.

llall=1 llall

In order to compute I(W,, ) as well as to describe the set of weights a € R, with ||a| = 1 for
which I(W,, ) = FFP (a- W, ), the main tools are some results about Hadamard indexes of [12],
which we shall state in some detail in the appendix. Here we just give the basic definitions.

Definition 5.1.4. Let B € M,,,(C)*. The minimalHadamard index of G is
I(By=max {A\>0: BoC >)C forevery C & M,(C)"}.
For A € M,;;,(C)sq, we define the spectral and the || - ||, Hadamard indexes:

Ip(A) = HH|1|in |Aoza™|ls, and I(A)= HHhin |Aoxz®,.
z||=1 z||=1

For a matrix G € M, (C), we write 0< G if all entries G;; > 0. Given J C I, with |J| = k we
ij

denote by G; € M(C) the submatrix of G given by G; = (Gij)
write >0 if z € RT and 2 = (7;);es € C*.

ijes Similarly, if z € C", we

From the previous definitions and Eq. (24), we get the fundamental equality: I(W,, ) = I2(Aw,,).
Now it is clear why the results of the appendix can be useful for computing I(W,,).

Remark 5.1.5. Let a € R™. Then
m
FFP(a- Wy ) = Z a? ajz w?wjz-tr(PWiPWj) =((Boaa")a,a) = (B(aca®),(aca")) (25)
ij=1
where, as before, B = By, € M,(R)". Moreover, by Eq. (31) in Proposition A.1.2,

IWy) = ||r;1||i£1 | Ay, caa®|?= nghiill |Boaa®| = I(B). (26)

This identity is useful because 0< B € M., (R)T and its spectral index is easier to compute. Indeed,
ij

observe that tr(Py, Pw;) > 0 for every i,j € L, , since each Py, € M, (C)*.

5.2 Critical Points and local minimizers.

In what follows, we shall use all the assumptions and notations of the previous subsection, but we
need the following extra notations:

1. Given a € R™, we write z =aoa = (a?,...,a2)) and J = supp{a} = {j € I, : a; # 0}.
2. Let L : R™ — R* be given by L(a) = FFP (a- W, ) = || A, caa*||3 = (B, z, 2).

3. We consider the affine manifold Ag = {x € R™ : trz = 0} and the compact convex simplex
A={zelAy: x>0}

4. 8™t = {x € R™: ||z|| = 1} is the unit sphere of R™.

Lemma 5.2.1. Let 0<a € S™ 1. Denote B = By, . The following conditions are equivalent:

19



1. a is a critical point for the map L restricted to the sphere S™ 1.

2. Byzy = I1(By)l;, where J =supp{a}.

m
Proof. Observe that L(a) = (Bz,z) = Y. b;ja? a?. Since B = B* = BT we have that

ij=1
m m

0=VL(a)=14 (al Zblja?,..., am mejai) =4 Bzoa.
j=1 j=1

The tangent space of S™! at a is {a}*. Hence, a is a critical point for S™~! if and only if
0= (VL(a),y) =4 (Bzoa,y) forevery y¢c{alt <= Bzoacspan{a}.
This is clearly equivalent to the equation Byz; = Al;, for some A € R. In this case, since 0< B

ij
with 0 < Bj; for every ¢ € I, and 0 < z, we can conclude that A > 0. By Proposition A.1.2 applied
to the matrix By, we have that By zy = Al ;. Hence,

By =1; = IB)) '=tr L =1,, Z)=1"(1, z2)=1"".
Therefore A = I(By) and Byz; = I(Bj)1;. O

Theorem 5.2.2. Let 0<a € S™ ! such that Byzy = I(Bj)1y, i.e., the vector a is a critical point
of L restricted to S™~ 1. Then, the following conditions are equivalent:

1. 1(By) = Ly(B) = I(Wy).
2. a is a global minimum of L restricted to S™1.
3. a is a local minimum of L restricted to S™1,
4. Bz > I1(By)1. In other words, that (Bz); > I(By) for every j ¢ J.
Proof. Denote A = Ayy, . Recall that I5(A)? = I,,(B), by Eq. (26). By Lemma 5.2.1,
||Aoaa*\|§ = (Bz,z) = I(By) (1,z2)= I(By).

This gives the equivalence 1 < 2. Observe that, if b € ™!, then w = bob € A. For each w € A,
consider the line 7, : [0,1] — A joining z and w, given by the formula v, (t) = (1 — t)z + tw, for
every t € [0,1]. Consider the map py, : [0,1] — R given by

pult) = (Brult), 7u(®) = (1= 0 (B2, )+ (Bu, w) + 21— 1) (B2, w)  (27)
for every ¢ € [0,1]. Since (Bz, z) = I(By), the derivative of p,, evaluated at zero is
pw(0) = —2(Bz, ) +2(Bz, w) = 2<<Bz, w) —I(BJ)) .
On the other hand, for every t € R,
pw(t) =2(Bz, z) +2(Bw, w) —4(Bz,w) =2(B(z —w), z —w) > 0. (28)

Since p,, is a second degree polynomial, its leading coefficient is % pw(t) > 0. Suppose now that
Bz > I(By)1. Using that w € A, we get that

(Bz,w) > I(By)(1,w)=1(Bjy) = puw(0)>0 = pu(t) >0 forevery ¢>0.

20



Therefore py, (1) > py(0). In other words, we have proved that (Bw , w) > (Bz, z) for every w € A.
This implies that a is a global minimum of L restricted to S™~!.

Suppose now that a € S™ 1, 2 = aoca, and that there exists k& € I,,, such that (Bz), < I(By).
Observe that a # ey, because (Bey) = br = I(Byyy)-

Let w = e € A, and consider the curves v,, and p,, defined before. By the previous computations,
we have that p,(0) = 2((Bz)r — I(By)) < 0. Therefore, for every ¢t > 0 small enough, we have
that v, (t) € A and (Byy,(t), 7w (t)) < (Bz, z). Taking the vectors a(t) = sgn(a) ’yw(t)% e sm-L
we conclude that a fails to be a local minimum. 0

Remark 5.2.3. Given a € S™~! then z =aoa € A and L(a) = (Bz, z). Therefore

I =I(A)= min |Aoaa*|3= i Ao aa*|3 = min (B
W) =Ir(4) = min [Aoaa’(l; o |14 0 aa™|[z = min (B2, 2),

since every z € A produces a unit vector 0 <a = 23 € §™ 1. Then in order to get the unit vectors
a which attain this minimum, it suffices to characterize the sets SOV, ) = argmin,cA{(Bz, 2)}

and
JWy) ={J Cl, : J =supp{z} for some z€ SWy)}.

If I,, ¢ J(Wy ), it is possible to obtain minimizers a - W,, which are not fusion frames, because
Saw, ¢ Gl(n)T (see Example 5.2.7). Still, if I(W,) < Y2 then Sayy, € Gl(n)* for any

n
minimizer a, since in such case Proposition 2.2.3 implies that ||I —n Say,, || < 1. Otherwise, the
characterization of the set J(W,, ) is useful in order to discern if there are optimal sequences of
weights a such that a- W, remains being a FF. Item 4 of Theorem 5.2.2 gives a description of the

elements of S(W,, ). But its proof gives more information:

Corollary 5.2.4. Consider Wy, € Sy, n(d), A= Ay, and B = By, as before. Then:

1. The set SW,, ) = argmin{(Bz, z)} is convex. Moreover,
zEA

SWuw) = (20+N(B))NA  for any point zg € SWy ).

2. JW,y ) is closed under taking unions, so that Jy, = UJJWw) = U supp{z} is an
2€ SWw )
element of J(Wy, ), and there exists z1 € S,y ) with maximal support.

Proof. 1. Let z,w € A, and consider the function, defined in Eq. (27):
pzw(t) = (B((1—t)z+tw), (1—t)z+tw), teR.

Suppose now that w, z € S(W,, ) and w # z. Using that p, ,, is of second degree, the equality
pzw(t) = 2(B(z —w), z—w) > 0 given by Eq. (28), and the fact p, ,,(t) > 0 for every
t € R, we can conclude that

Pz w 1S constant = fru(t)=0 <= z—we N(B).

On the other hand, we have that p. (1) = p;,+,(0) = H[lin} Pz w(t). This implies that the
telo,1

)

map p,  is constant, so that y(t) € SOW,,) for every ¢t € [0,1], and z — w € N(B). The
proof of the fact that (29 + N(B)) N A C S(W,, ) for every zy € S(W,, ) is similar.
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2. Let z and w in S(W,, ), with supports J; and Jy respectively. Then, since the entire line
tz+(1—t)w € SWy) (t €10,1]), if we take u =tz + (1 — t)w for any ¢ € (0, 1), it is easy to
see that u € S(W,, ) and supp{u} = J; U Jy . Since J(W,, ) is finite, then the set

Jw, = | supp{z} € TW).

26 SWw )

Hence Jyy,, is the support of some z; € S(W,, ). O
Corollary 5.2.5. Let B = By, and A = Ay, as before. Assume that there exists v € R such
that v >0 and Bv = 1. Denote a = (trfu)_% (121% yen ,vé). Then

lal =1 and (trv)"' =FFP(a-Wy) =I(A)* =1(W,). (29)

Proof. The fact that v >0 and Bv = 1 implies, by Propositions A.1.2 and A.1.3, that
1(A)? = Ly(B) = I(B) = I(By) = (trv) ™",

where J = supp{v} = supp{a}. Since z = % € A, then a = 22 € S 1 and Bz = I(Bj)1.
Hence, by Theorem 5.2.2, we have that z € S(W,, ) and a € S™! satisfies Eq. (29). O

Remark 5.2.6. The results of this section seems to be unknown still for the case of vector frames.
In this case our restrictions translate to the following: Let F = (fi)ier,, be a frame for H such
1

that each [|fil| = 1 (le., di =1 = w; =d, 2 = 1). For a € R™, we consider the sequence

a-F = (a; fi)ier,, , and we define I(F) = ”rr‘l‘in FP(a-F). Then, all the results of the section
al|=1

remain true if one consider the matrices

Az = (155 51), € M@)o and Br = ({1 fF) € Mu(©)F.

Some proofs are slightly easier in this case, because I(F) = I2(Ar) = I2(Gr), where Gx is the
Gram matrix of 7: G = ((f;, fi)) € M, (C)*. Observe that the diagonal entries of the

‘7 GI["L
three matrices involved are equal to 12.]
4 1 3 L
Example 5.2.7. Let B=1[ 1 4 2 |. Since 4 = (Bi?)ijeﬂg € GI(3)", we deduce that A is
3 2 4
the Gram matrix of a Riesz basis F of C3. Let v = ( % , % ,0) > 0. Observe that by Corollary 5.2.5,

N[ =

By =13 = z=(trv) lv= ( . ,0) eS(F).
Since N(B) = {0}, Corollary 5.2.4 assures that S(F) = {z}, and Jy = {1,2} is the maximal

support for S(F). Taking a = z%, we have that a - F is the unique scaled sequence of F with
minimal frame potential, but it fails to be a frame for C3, because it has just two nonzero elements.

Example 5.2.8. It can be proved that every G € M3(C)™ such that rk G = 2 and G = 1 for
every i € I3 (considered as the Gram matrix of a frame F for C? with three unitary elements),
satisfies that the minimizers a - F of the BF-potential are frames for C2. Indeed, given z € S(F),
it is easy to see that J = supp{z} has more than one element (otherwise z = ¢; for some ¢ € I3).
If J =13 there is nothing to prove. Assume that supp{z} = J with |J| = 2. If rk G; < 2 we must

have By = ( 1 1 ) In this case, I(By) = I;»(B) = 1. But the unique matrix B € M3(C)*
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which satisfies that 0< B, I, (B) =1 and B;; = 1 for every i € I3 is B =1 - 1*. Indeed, if some
ij

Bij < 1, then I(B) < Isp< Bl.. Bfﬂ' ) — 2Piu 1. Finally, since 1 = rk 1-1* = rk B = 1k
ij

G oG > rk G = 2, we have a contradiction.

Remark 5.2.9. Let W = {W;};c1,, be a generating set of subspaces. Given a partition {J;}xer,
of the set I, , we say that the sequence {Wk}ke][p of W given by Wy, = (W;)icy, is a partition in
orthogonal components (POC) of W if W; L W for every pair i € Jy, j € L, \ Ji .

Note that by definition the trivial partition given by J; = I, produces a POC of W. If {Wi }ier,

is a POC of W, we say that it is maximal if the only POC of each W is the trivial one. It is clear
that there always exits such a maximal POC for W.

Let {Wi}rer, be a maximal POC of W with [Ji| = my, for 1 <k <p. Let ap € R™* be such that
|ag|| = 1 and I(W},) = FFP (a; - Wj,) for each 1 < k < p. Then, there exists v = (7 )rer, € RY,
with [|7y]| = 1 and such that

P
I(W) => FFP (ya,- W),
k=1
Conversely, if a = (ay,...,a,) with 0<a, € R and ||al| = 1 is such that I(W) = FFP (a- W)
then a;, # 0 and (W) = FFP (||lag|| !t ag - Wy), for 1 < k < p. Hence, we can restrict our study of
the optimal weight of sequence of subspaces to each of the components of the maximal partition.
This in turn implies that we can reduce the problem of describing the optimal weights to the case
where the matrix B (which has non-negative entries and is positive semi-definite) is irreducible i.e.,
none of its symmetric permutations can be written as the direct sum of two matrices. This last
property is relevant in the theory of matrices with non-negative entries.

A Hadamard products and indexes.

In this section we recall some definitions and results from [12] which are closely related with the
problems of Section 4. The exposition is done with some detail for several reasons: a) Most results
we state are explicitly used in the previous section. b) The formulation of these results given in
[12] is quite technical and intricate, so we intend here to give a clarified version. c¢) Although
some results in the appendix are not directly applied, they are included since they give effective
criteria for computing the indexes and the vectors that realize them. This is relevant since we have
identified these objects as the optimal weights and the minimal potential for fusion frames.

A.1 Basic definitions and properties

We begin with an extended version of Definition 5.1.4

Definition A.1.1. Let G € M,,,(C)™.

1. The minimal-Hadamard index of GG is the number

I(G)=max{\>0: GoB>AB forevery B¢& M,(C)"}.

2. Given an u.in N in M,,(C), the N-Hadamard index of G is

IN(G) =max {A>0: N(GoB)>AN(B) forevery BeMpy,(C)"}
=min {N(GoB) : B € M;,(C)" and N(B) =1} .
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The index of G associated with the spectral norm || - || = || - ||sp is denoted by I,(G), and the one
associated with the Frobenius norm || - ||2 is denoted by I>(G).

Proposition A.1.2. Let G € M,,,(C)*, 1 =(1,1,...,1) € C" and E=1 -17.
1. I(G) # 0 if and only if 1 € R(G). If there exists y € C" such that Gy = 1, then
(G = ¥ yi=(y1)=p(G'E) =min { (Gz,2) : > %=1} (30)

i€y 1€l

n

If G > 0, then also 1(G) = ( 32 (GV)y) = —rdelC
’ ig=1 ) det(G+E)—det G

2. I(G) < IN(G) for every UIN N.
3. If J C1,,, then I(Gy) > I(G) and IN(G ) > IN(G).
4. If D = diag (d) € M,,,(C)* is diagonal, then Iy (D) = N’(d~1)~!. In particular,
I(D) = I,(D) = (Z d;l) 7 and  L(D) = (Z di_Q)_é.
i€lm i€lm
5. Both indexes I e I, are attained by matrices B € M,,(C)" of rank one. This means that

12(0)2“%131 |G ozz™|, and l'sp(G)Zuryn”iil1 1Goyy™|-

Moreover, the minima are also attained at vectors z >0 (or y > 0).

6. Let B=G oG € Mp(R)T. Then I, (G) = I, (B)2 = I,(GoG)? .

7. Moreover, if 0< B € M, (R)* and A € My,(R)y, is given by Ay = Bilj/2 for1 <i,j<m
then, even if AUQE M (R)T, the index I5(A) of Definition 5.1.4 still satisfies

I(A) = min [|[Aozz*|, = min |[Boza™|=. (31)
Jel=1 leli=1

8. It holds that Iy,(G) = inf { I;,(D): G < D and D is diagonal }. Therefore

R(G) =inf { (>d;?)

1 —
2: 0< D isdiagonal and GoG < D? }. O

Proposition A.1.3. Let G € M,,(R)" such that 0<G. Then I,(G) = I(G) # 0 <= there
ij

exists u >0 such that Gu = 1. ]

Proposition A.1.4. Let G € M,,(C)*. Denote by P =G oG. If z € R™, then

1Goaa*|2 = S |Gyl Plas 2 = (Plaoa),z0m) = ((Poaa)a,a) < |Powa’].
0,J

Take x>0 such that ||z|| =1 and ||G o zz*||2 = I3(G). Then
(GoGoxx™)x =I(Py)x, where J={i€l, : z;#0}.
In this case, they hold that
1. The vector u = I(P;)~!(z; oz ) € C’ has strict positive entries and Pju = 1.
2. Iy(P) = Ip(Py) = I(Py).
3. Isp(P) = ||Poxx™|. O
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