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Introduction

In |δ| we have defined the category of N-differentiable (not necessarily 

reduced) spaces and have described certain subcategories that seem to be of 

special interest. For one of these restricted categories we have, for example, 

established certain embedding theorems of the classical type for manifolds. At 

this point then one should describe certain constructions to "smooth” different

iable spaces, so that starting with a general space, one ends with a space in a 

more restricted, but nicer class. By this we are able, for example, to extend 

certain embedding results of |5| to a far more general class of differentiable 

spaces (see |7|).

Here we want to continue the description of differentiable spaces. First we 

define "products” for differentiable spaces. This can be done in several ways 

and depends on what one wishes to have. We describe here two products (the "pro

duct" in §1 and the "pseudoproduct" in §2). In the classical complex analytic 

case these both coincide. Also a fiberproduct can be introduced.

In connection with products we are interested in contractible differentiable 

spaces (in the reduced complex case see |2|, but see also |3| for some related 

results). We have two kinds of contractions (r-contractibility and weak r-contract- 

ibility) according to the different products. Contractions are described to some 

detail in §3.

However our main object here are "differential forms on differentiable spaces". 

They are defined in §4. The sheaves of these forms constitute a certain complex, 

but exactness in general fails. Under some contractibility assumption exactness 

from some degree on will be established (§5). In a special case then one gets of 

course a type of de Rham theorem for N-differentiable spaces, generalizing the 

corresponding theorem for differentiable manifolds. These results have first been 

described in |2| for reduced complex spaces. We have not only generalized |2| for 

the real analytic and moreover finite differentiable case, but also for the un

reduced cases. Even in the reduced complex analytic case the result here is slight

ly more general than |2|, because our notion of an ω*—differentiable space is 

more general than that of a complex space. When at La Plata, I learned that a 

generalization of Reiffen's theorem to the classical unreduced complex analytic 

case is also studied by R. Slutzki. We should mention that our C -case can also 

be considered as a generalization of Reiffen’s theorem to formal powerseries-
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algebras over the real or complex numbers. But in this direction there even 

exists a generalization to the theory of differential modules due to G. Scheja 

(not yet published). So one has the two possible generalizations either to N— 

differentiable spaces (analysis) or to differential modules (algebra) with 

powerseries-algebras as a non empty intersection.

Finally in §5 we describe some connections between differentiable and 

holomorphic differential forms on complex spaces. But this is yet not more 

than a beginning of what one should like to know.

After all we hoped to show by an exampJ^iow for certain questions in com

plex analysis the notion of an N-differentiable space just gives the approp- 

iate set up. This task will be continued elsewhere.



§1» The product for N-differentiable spaces.

(A) We recall from CÍ5 : An N-differentiable space X Is a ringed space * 

which is locally of the form D = (D , 2)^1$ ) c Rn. That means:

D c R*” is an arbitrary subset»

^ is the sheaf of germs of complex valued functions of class

C on R (: C - functions or N-differentiable functions. iiN ^*^. N = ά) means 

realanalytic, N = «^ means complex analytic)*

tic 2Γ |D is any idealsubsheaf with ϊχ + ^ for all xej;

?/ϊ :» (^|D)/7 .

W. say, that X satisfies A, , if all local representations (D, 2>*/t7 ) of X 

satisfy ( ϊχ* ^x ) ^ ^x * ?x (where Nf 4 « N for N * % *^ # ^*) for all xe tt 

In £?3 we denote by ^3^ the category of N-dlfferentiable mappings and 

spaces, which satisfy A$ · Here we shorten: ^ ® ^3^ ♦ ^ ^ denote the cate® 

gory of all pairs ( X^, X^)» X; e ^ with differentiable mappings h s (h^ .h^): 

( X^, Xa)—►(T(l Ia) as morphisms, Where h·: X4-—>Y^ e #y are differentiable. 

If 8;' V2; · »r ^.2. are differentiable and g ® (g ,g4)Í then g»h ® 

* (g,·^, t^·^). Identifying X«(X,X), h® (h,h) for any h: X —*T we 
consider ^y as a subcategory of 8?^ : í^c ^ .

Let ^ c ^y respectively ^ c ^ be the respective subcategorles of 

N-different labio space® embeded in some R : DC R (m not fixed).

(B) An N«differentiable space in this note will always mean an element of 

· The following spaces from shall be given:

For a while we shall drop the indices J. Then let (x,yt) e A*B and

Here of course 2> means tho sheaf of germs of 1 "differentiable functions on 

R x R and the fr t ^ are considered as elements of 0 in the natural way.



II rj+tí* :* thej^^sheafof ¿ήχχΒ, defined by the rings (^*3*^^ 

above.

We obviously have A *3 e X^ . The projections

induce N-differentiable napping a, which we also denote by Tx, namely t

the projections on the first respectively second component. We write

(with the identification ^ cl ^ from above)· Now we have

Lemma 1(1* Let D a ^ , f: D —* ( A , B ) be differentiable· Then 

there exists exactly one differentiable mapping g: D —? Α χ B such that 

f «T»g, Hence ^ is left universal, the following diagram is commutative!

Proof. Let D * (D, ^f^ ) c R^# We shew first the

Uniqueness! Let g** g and also gA: D—>( A , B ) be differentiable with f « 

rTega» We have to school g4* g\ The problem is of a local nature· Without any 

restriction we may therefore assume, that g4 and g^ are induced by some N-diffe® 

rent table mappings

where D c 0 c ^^ R*. Let G*« (G^.G*) with G^: 0^ r\ G^: 0 -rR* Because of 

T*ga * f » r*g4 ,

we have for each e e 0: The components of (G^ - G^ are in ϊχ. By C<1, Lemma

3,1 therefore G* and G3 generate the same differentiable mapping D—>A X B «

■Existence. Because of the uniqueness it suffices to show: To each a a D there 

exists a neighborhood U(&) CD df a and a differentiable mapping

such that

So we even may assume, that f ■ (t ,ζ) is generated by some N41fferentiable



nappinge ir :0-*C F? : 0—>R^where DcOcof^H^ Ve «h*v.:

F« (^,^1 0 —^R^x Rw generates our differentiable flapping

For this we have only to show í If s a D, y * F(a), h^ a (Ί+f)^ , then 

h *L a I , But this is obvious according to the definition of F , R and (3 +3*)

From all that now follows 4,1. ψ. e. th

Corollary 1,2. Let h = (h^ »h^)s (^p^) —> ( A^, BA) be differentiable. 

Then there exists a unique differentiable mapping h: A^x B^ —> A^x B^ such 

that ^ · h * h*^j · Hence the following diagram is commutative:

Wo write h « h x h4.

Proof. Take 1,1 for f:«h«^ .

Corollary 1,3. The gapping

described above is a covariant functor from $χ into 91^ · Especially: 

T* (g*h) «^(gí^íh) ; if h is a diffeomorphism, so is T^fh).

The statements 1,1 to 1,3 now also hold for ^ and ^ :

Theorem 1,4. In ^ exists a product: To each ( X , Y ) a ^ there 

exists a Z a ^ with a differentiable mapping ^ t Z —> ( X , Y ) such that 

we have: To each D a ^ , f: D —>( X , Y ) differentiable there exists exactly 

one differentiable mapping g: D ------ ► Z; such that f = T»g, it est :

is commutative» Z is up to diffeomorphisms uniquely determined· We write Z = XxY.

Proof· The uniqueness is obvious· We show the

Existence· Let
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For simplicity of notation we consider the sheaf A-xA- ’on A. x B; also 

as a sheaf on VL ¡s u^. x ^ c ][ x Y „ Then we have

The isomorphisms

Induce isomorphisms

hence

The mappings ^¿«^ satisfy the usual condicione of compatibility and there» 

fone do def**ine a sheaf £ on X* Y , which makes Z := ( Xx Y , ^ ) to a ringed 

space in the sense of CÍ1. We have local isomorphisms

For each 1 a I, j e J we have a bimorphism

such that

{ (ϋ,-χ Ί^ , fyj )j i i I, j e j] is a C^- atlas on Ζ» which makes Z to an 

N-differentlable space·

Z with this structure of differentiability satisfies the conditions of the 

theorem· as follows from the constructions and 1,1 tolj. q.e.d.

4,2 and 1,3 now generalise for %^ and ^ · Eszpecially we have a 

functor T j ^ “*** ^/ such that s

Up to equivalence, T* Is uniquely determined· We write

and denote by 7Γ the "projection" T: X* Y —* ( X , Y ) from 4,4. We have

The identity mapping i: X —* X gives rise to a differentiable mapping 1*, 

such that the following diagram is commutativet



1* is a closed embeding and hence a bimorphism onto an N-differentiable subspace

Δχ g X xX # the diagonal of XXX# Obviously» in this special situation, the 

dimorphism is even λ diffeoator^dsM. Any differentiable mapping g: Y-*X then

can be factored in a unique way» such that the following diagram is commutative í

The construction of the fiberproduet now is again $s usual:

Let ( X » Y ) ——r Z be a differentiable mapping. Then^here exists an N-diffo» 

rentiable space Xx^Y with a differentiable mapping Τ' : Xx^Y ------ ?(X J /»

which up to d if isomorphisms is uniquely determined by the following property:

To each differentiable mapping g: W---- *( X # Y ), g* : W—>Z such that 

g* « fog, there exists a uniquely determined mapping h: W —^ Xx^Y with 

g « Tofa 3

Proof. Let F: Xx Y —?Zx Z be the napping induced by f. If Z* Z = (Z^Z, C ),

then there exists an ideal subsheaf £ g £ such that

If X*Y » ( E, f ), then let ^ c f be the subsheaf, generated by the image 

of £* under F in F * Then with D ;= support 6/£* let

where F^ denotes the smoothing functor of c?j, which carries arbitray different» 

tiable spaces to those of the class í^s ^V · For this space the unique 

factorisation of g by h exists, as follows from the commutative diagramsí

First there exists the mapping W —* X*Y —» ZxZ, which factors through 

W -----^ A2 and induces a mapping W —> X ^ Ϊ » which factors W —> Xx Y.

Existence and uniqlinese of h then give, that ΧΧ^Ϊ is uniquely determined.



In many cases a somewhat weaker notion for a product of differentiable spaces 

is sufficient. This pseudoproduct, which we are going to describe now, is solution 

of a weaker universal problem than that ini 4. In the classical complex analytic 

case bothe coincide, in general they certainly do not. So the question arises, 

in what cases they do coincide·

We stick to the notations of $-1 and start with the local descriptioní 

Let (x%y*) ε Α/χΰ;» Again, let us drop for a while the indices j. Define

Here we used F*(x) :» F(x,y) for fixed y, FX(y) := F(x,y,) for each fixed x, 

* wr V 4 . Π * ^. are the corresponding germs.

We obviously have ΑχΒ c ^ · Again we have natural induced differentiable 

projections, also denoted by ΊΓ :

The following definition will be usefull:

|| A differentible mapping Ai A^T B^ --------- > A^^ Βχ is called

of product type, if there exists a differentiable mapping h: (A -B. ) -------- *>

—* ^A’®i’ such that h ο 7ζ = Tf * h. Hence the following diagramm commutes:

The class of N-differentiable spaces A 7 B with A, B e 0y together with 

the differentiable mappings of product type constitutes a suboategory $* c /P , 

The following corresponds to corrollary 4,2:

Lemma 2,1. Let h κ (h^,^): (A^B^) ------ >(ΑρΒ^) be differentiable.

Then there exists exactly one differentiable mapping h: Αή x B^ —> A^X B^,
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such that t he corresponding diagram (*) lb commutative. We write h := h4 x h^ . 

Proof. Uniqueness ϊ Let h and h* be given mappings A^JB^------ ·*ΑλχΒ4 euch that 

T^eh* = h·^ = T^h « We have to show: h = h*. Let z = (x,y) e A^x B^ . 

In 2 our h and h* a regenerated by N-differentiable mappings (Η^,Η^) and 

W' ,H¡ ) with H, ,< : (R% X R”’ )z --- > Rj, He ^ ¡ (R’- κ Η^ζ —> R*k. 

Using 1ζ»η = Xeh we find, that the components of ίζ- H* and of Η,- H* are 

in ( \ + ^*) · Sy C$1» Lemma 34 we therefore have h* * *h , because z e 

A^x B, was arbitrary.

Existence. Let again z = (x,y) ε A^x ^ . If h4 is in x generated by an 

N-differentiable mapping H : R^ —> R^, h^ in y by H^: R^ —> R^, then» 

as is immediately verified, (H^ ,Η^ ) generate for some neighbourhoods U(x) c A » 

V(y) c B a differentiable mapping

with ^ eh^'^s h«Tj|ll(x)xV(y). Because of uniqueness the different mappings 

h^^ define a global differentiable mapping of the required type.

Corollary 2,2, (compare with 4,3). By

there is defined a covariant functor of ^ Into ^ . Especially we have: 

I1 (g«h) ~ ^(gjorih) $ is h a diffeomorphijm^s^ T^ih).

To describe the universal property, which is the basis for the pseudeproduct 

define:

|| A differentiable mapping fi A xB,-z(Ad,B9) is called of product 

type, if there exists a differentiable mapping hi (Α^,Β^)  —> ί^χ»^) such 

that f = h·^.

Corollary 2,3. Let D ^X¡^ » f: D —^^1»%^ ^ °^ Product type. 

Then there exists exactly ozne differentiable mapping

Proof. Let D » A^K B4 , h: (A* ,^ ) —► (Α^,Β^) with f ® h#^ , then 2,5 

follows from #,1:
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Th® following obvious remark hoover should be noted:

Remark 2Λ *^) Lot DG ^ b© reduced* f: D —> ( Aa, B¿) different 

tiable. Then there exists exactly ono differentiable mapping

gj β------$, A¿ x $£ with a ® ^ 8 5»

p) If Ajjl^ are reduced* so is A^^ B^,

¿') X io in th© category of reduced differentiable spaces 

a product·

Du® to lema 2,4 one can new construct to each X J í ^ a pseudoproduot 

Χχ I and to each differentiable mapping h: (X ,Y )---------> (Z ,W ) a diff® «

rentiable mapping h: X x Y ----- > Z x W in a similar way as was described in

$ 4 for the product x. Again wo hav© a natural projection, also denoted by ΊΓ :

TT: XxY --------- -y (X,Y)

2,1 , 2,2 and 2,3 now generalise with the corresponding definitions. Let ^ 

denote the category of N-difforontiablo spaces of product type with differentiable 

mappings of product type, then:

We hav® a natural covariant functor T* : ^ --------> defined by

T(^ x J? Y, r(h) - h.

Her^ark 2»$« L*?t X, Y s ^ f yp e Ϊ » y® has a unique reduced Wif* 

ferentkbla structure for all U9 n^>ly (y% CX ©hart* y% The natural erabedlng 

Z ° —> Y together with the identity a —> X therefor© indue© differentiable 

sappings¡

One finds» that th© projections

are dlffccaorphioi and Xxy® ® X x y%



§ 3 Contractible differentliable spaces.

Let DG r'”' , x* ε D and DM ε ^ be the reduced space defined by D* Then 

D ig called r-contractible at x*# if to each neighbourhood U(x·) c D there 

exists a neighbourhood V(x·) g U(x·) of x* and a'’differentiable mapping

^> j DnV x I -—> DeU with I»{t; 0 < t < 1 J , such that

φ (x ,1 ) * x for all x ε D^V

<^(x , 0) g B g Dn U for all x ε D^VS where embdim B de r#

This generalises for arbitrary Jl-differentiable spaces as followsí

je^lj* X ε ^ is called strongly (weakly) r-contractible at χ· ε X, 

if to each neighbourhood U(x°) g χ there exists a neighbourhood V(x’) g U(x°) 

of x*( a subspace I ε ^ of X í Y °—> X | V(x’) with embdim Y < r , 
satisfying^AT^^5^* P·27^· and a d^erentiable ma^S^T^^

ÍW*

such that for the composed mappings

( resp. the same for x ) we have :

^ ig the natural projection X j V(xe) x 1 ------- > X | V(xe)

^ maps XI V(x°) χ 0 into Y.

φ is called r-contraction» We say contractible instead of O-contractible»

If r « 0, then Y above is reduced and consists of isolated points» If X 

is reduced and in x° ε X weakly r-contractible, then we may assume without any 

restriction» that also Y above is reduced.

Let X » ( DB 2)^/3 ) G R^. We want to compare the following properties 

for χΰ í X :

a) X is in x* strongly r-contractible»

b) X is li. k ' weakly r-contractible.

c} To each neighbourhood U(x°) g R of x* there exists a neighbourhood 

V(x·) c U(x·) and an N-differentiable mapping Si Vxl —► U such that:

1) $ is an r-contraction,

2) $ induces an r-contraction ( X | V )xl^ —> X | U.



d) The santa as c), with ( X | V ) χ I* instead of ( X I V )xlw in c), 2)·

Lemma 3,2. For I e ( D t 3)^ ¡^ ) we have

^) *) b), c) d). 2) a) r> c), b)<-> d).

3) b) o >)» d) /> c), if «zN and D satisfies properties A43 and A^ of

tf 3> p. 275.

Proof, 1) is obvious, because one hase the natural mapping XXl —> XxY .

2): cMa)» d)o b) foliar by definition. We show t)^c)( b)^ d): 

Let U(x·) c: R^ be given. Then there statists a neighbourhood V(x·) c U(x·) and

an r-contraction
φ j (X|D^V)xI* —> X|D«V.

Let Τ«(Β,2>^/^) c X | BnV be an N-differentiable space with embdin Ϊ ^ 

< r anti ^((X|DnV)^O) ci y . I is compact. Then there egotist finitely 

many relatively open intervals I cl and a neighbourhood W(x®) c D, such that
-) Ol* · I,

V* 4
β ) To each v there exists a ϊν t H&( ϊχ I7, 2)^) , which generates 

φ IW x Iv . Here Λ^ is the sheaf of germs of functions in R* x R^ ( respectively 

in C^xC* in case N ®w*) of class CW· For each component j we therefore have*

(♦) (^'Τί ΐΜχίΛΛ e Η°({χ^(ΛΐΑ) , ^ + 0).

( Here 0 is the sero-ldaalsheaf of the structure sheaf £ on R^ (resp. on C^)e 

So the elements in (*) define an element in H^( jx°}xl $ Ϊ+0 ) »j h\ But we 

have IF* * 0 ( In case NS**» because 3 + 0 is fine; in case N = uf or N = w>* 

this follows essentially from theorem B of the analytic sheaftheory)· Hence there 

exists a ^^ a Η°((χ^χΙ , ^^)* such that:

Hence we may suppose J* a H°( V(x°)x I , 5>^ Γ and

for all J and a sufficiently small neighborhood W(x’) c D of χ·( eventually we 

make the IZ a little bit smaller)· It follows, that 3* generates the different 

tiable mapping φ | Wxl ·, Making V(x®) c R^ smaller, if necessary, as well as

-Wo<% we nay assume, that 5* is induced by an element



Kith U(I) c. R^ some neighbourhood of L Lot

Because of embdim Y < r there exists in a neighbourhood V(y·) c: U(x·) an 

r-dimension&l submanifold M cl V(y*) such that

co) M > B^V(y<%
P) If f^ a 2^ , ^1^*“ °» then f* ί ϊχ for all a a BnV(yo).

If V(y®) is properly chosen* then M is an N-differentiable retract of V(y·)* 

that means

/ ) There exists an N-differentiable mapping

If: V(y«) —> M such that ΤΓ | M ® id*

Hence: ( id -'Í'L : ^ for each component j and each a a BoV(y®).

Note let V(x®) be so small* such that %(V(x®)) Q V(y»). For each x a D nV(x9 

we have than ^(x) a B and

If

we have 3? a X + Oi for all (x*t) a D^V(x»)x I and each j. With 4 T ·

finally we have :

«*) ^^i * ^i0^ 6 ^** °* f°r 411 (*·*) * D^V(x®) X I· That

means: if generates the same morphism as $' * hence it generates ^|DnV(x°) X I.

P ) S(#»0) * ^**^e(x)» hence *S(x*0) c M for all x a V(x®)* 

f(x»l) * id*

Hence * : V(x0)* I ------ > U(x·) is a required mapping for V emall.q.e.d. Finally

b) /^ d) follows in the same way by substituting + for + and x for x ·

3) In this case one can show, that x « X » 

Remark 3,3· DR is r-contractibie at x a D * iff D is weakly 

r-contractible at x* a D.

•l£22£* Let D ^ r-contractible at x° a D, U(x’) a D a neighbourhood of x\ 

then there exists a neighbourhood V(x°) c ü(x*) and an r-contractt on



φ obviously defines aleo an r^contmotion (Dw I V(x°) ) 5c I* —* D^Uix®).

This proves one di/ction^ the other direction follows from 3.2 , b> z->d).

§4 Differential forms on N-differentiable spaces ( N ≥ 3!).

Here we describe the analogon of differential forms in algebraic and analytic

geometry for our differentiable geometry. We encounter some difficulties, which

however can be overcome. It is usefully to introduce three types of differential 

forms, which in general are different. In certain cases some of them coincide, for 

example if N » ^* or in some cases, when N ® «» .We start with the local 

description. So let D » ( D , ^j 5 ) c R41 be an arbitrary M- differentiable 

space, always with N 5t 3 of course.

A) Sheaves of p-forau on D.

Lot -1¿ denote the sheaf of germs of p-fonae of class C in R · Let AWW»*'
^iiT c ^-θ^ denote the ^ - subsheaf of elements u> s ^^Ω^ » suoh that

Aw*** ywWHV'

du, , ^cf^1 . ut ώ:1 · ^ - c. lrz -to-1 - o. L.t 
A*** /AV*

V- 3

1,:» ϊ· 2>^~λ ( i.e. ϊ-ίί)^^ is the ( 0^*|D ) - subsheaf of ^’’¡D , 

generated by 1 , and ^*2)^ its topological closure in the sense of c^ p2V6 

^j« ^^(D) i® ideal sheaf of elements of ^D, vanishing on D.

With these and d s A¿ —* J£ the differential operator, define

£ ,- < 5 ■ ’’V ♦ *< V "^Q^ > > Λ ""’if
V1· < 1í *2Q? > λ*ΊΖ c (ϊ·^λ3* .V'O-

We have: ^ c 5^ c ^ t then ^ c ^ c *^3 » and each ^- c ¿η D

is a ($#|D) - subsheaf with Ϊ·^ c ^ for 1 = 1,2,3.

|| “"iff/l^ (=· (^tnPlD)/^) i»¿ Λϊ -shMf^tóld
1) sheaf of p-forms on D , if i = 1 ,

2) sheaf of weak p-forme on D , if i * 2 ,

3) sheaf of reduced p-forms on D, if 1 ® 3.



Remark 4,1 We heve ^ * ^λ , ^ » J if N * *, ♦

p-form * weak p-form, if N « 0, w* , or if N = ^ and ^ Is closed} 

p-form = weak p-form » reduced p-form, if D is reduced and N » ·· , ^ , ^*, 

JB) ^ may be substituted by ^ a^* in the definition 

of I/. We have d(^2)^)A^ α ^·^ + d( ^^C)^) 

£) We have ^ - ^ . hence 7/ = ( 7. ¿#“2 )n 2* ,

hence if ^ = U then ^^/^ ® ^ 1Q / C^* · This holds for example if D is

reduced»

B) Differential operator#

We have the exact sequence ( see the proofs on pages 48 - 49 )

and we have obviously d( i ) c ^ for iel,2,3# Hence (·) induces the follow» 

ing complex

and therefore the complex

Remark 4,2. (♦*♦) is exact at ( w-^qP^/ 7^) p iff (♦·) is exact

at ·

The proof is obvious» Hence exactnes of (♦**) depends on exactnes of (**)· In gene 3 

ral exactnes fails (see C^l), We give condiciona for exactnes of (**) in $5» which 

in the reduced complex case are due to Reif fen tij, but see also a related 

statement in dl » But even in the case N * Ό* our §5 is slightly more general, 
because we do not assume neither that (D , ^^/ tí ) is reduced, or I is 

coherent, or > is analytic·

C) Change under differentiable mappings#

Let D' # (D \ Ή# / Π’ ) c; R* , D* « (D * , 2)*^ / 3* ) c R^ be two other spacer 

from 2?^ with differentiable mappings

φ s D ------> D\ ^ j DZ-------- > D*.

In what follows, entities with a stipe * * * ref/er to D\ those with a star "* w 

refer to D* #



Let x° a D , y° « φ(χ°). There exists neighbourhood]/(χ* ) c Rn and An 

Miffersntiable mapping £ : U(x°) —* R^ , which generates φ| U(x·) aD. For 

each x a DaU, y « H(x), 1 S v < N, Í induces fay uy —> S*(w)

( » u5e $ ) an homomorphism ( because d( w®if ) « (d ω ) # ^ ) :

One verifies, that ^C 1.^ ) c ^^ for 1*1,2,3* The following diagram is 

conmutativo:

hS now induces homomorphisms and therefore

a sheafhomcmorphimm

One shows (using 4,1 f) ), that this homomorphism does not depend on the repre» 

sentation $ of Sow® have an induced sheaf homomorphism

(short: AL· /J. ------- > / ¿^ )· One has in a natural way

a) V?; ’ Vt b> ^- = ldp if Í “ id‘
c) 7. injective, ^ surjective, if ^*φ «id

d) ^ is an isomorphism, if φ is. e) ^ od « d · ^. , 

if d denotes each of the following natural homomorphisms:

Especially there exists on each space X « (X ,Λ) a $L· » ^43» certain v#. sheaves 

J2.* * 1*1»2,3 , called sheaf of p-forms, if i«l, sheaf of weak p-forms, if i«2; 

sheaf of reduced p-forms, if i«3 ί end homomorphism» d: -^¿^ —^ AL· , such that

is a complex .
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2) If {(O, ,í)i Ji j} is an atlas of X, ¿(Xta ) . (D,, rf Μ- ), 

then one has® isomorphisms for all p

with ^^ 9tJ* * ( ^ ° ^^ \ · ψ.. ®d ~ d®^.» a)-ggeneralise for the sheaves

on X·

Finally i The product

induces a product

with

©ne sees then, that a induces for arbitrary X € ϋ^ a product on the p-forms

on X 1

with



§ 5 Lemma of Poincare for N-differentiable spaces. N ≥ 3.

Theory 5,1, Let Z e t x*e X and for i®l,2,3

(i)

be the complexes of th® thro® different types of differential forms on X ^at x*.^ 

a) If X is strongly r-contractibl® at x°, then (1), (2), (3) are exact.

b) If X is weakly r~contrActibl® at x°, then (2) and (3) are exact.

Proof. W® may as simo X « (D. 2) /7)cR. Then we have to show the exactness of

Let r < p and ^x* c for a fixed i. iZ^ has in a neighbourhood W(x°) c. 

C R some representation

where f·, g- t H^W, S^inH^WnD, 74' ), <ir c He(W, *lif ) for < - ρ,ρ-1.

There exists a neighbourhood V(x°) g Η(χ*) and an N-differentiable r-contraction 

3 í Vxl —^ W, such that th® properties c), 1), 2) of £ 3# P·^ hold. Writ®

Hore all differential forms ar© defined on Vxl. The forms with index 1 do not 
contain dt* and ^ 1 is of class C ^"^ , Let dK denote differentiation with 

respect to x a U(xe), d| differentiation with respect to t a I, then we have:

If d ωχ# * 0» wo Bay assume d ur » 0, Then

( integration with respect to t ). Her® we have used: ^(χ,Ι) ^ x, hence ωρ(χ) » 

* ^(χ»1), and ^ (xt0) = 0, beca/uce ^ ( V(x’)xjoJ ) c W is contained 

locally in a not mor® than r-dimensional n-differentiable manifold with r < p. If



Cib'dowiji·, U; ' 1¿ ?.f 'íh.:!- C ,. Γγ ^'31.?; *'· · ^ r'W* r? 40^* .*'

olas# C^"\ Hence «/*“** e H°(V f )· Finally we even have

because integrating (*) gives co^”^ as a sum of elemente of the form

F u»^ ( integrating the first sun in (*)) ^

G·^^ a g»í(x,t,)' ^^^(χ,ή,) (integrating the second sum in (*) ), 

d( H w^) ( integrating the third sum in (♦) )·

Here io** a H*(^·) t^^fyT ) for ^ “ P-1» P-2 «^

k a H°(Vx I, ¡0^) and H being of the same form as F· We now specialise· 

Case a) for i»l : If V(x6) is small enough» we have

with k- e Η’ίν,^ΑΗ^^Ο,ϊ), h ^ are of class C^‘ · Then of course 

(♦♦) yields an element Fx„ a ϊχ# ^ » similarly ΗχΟ a ^,*2^ .Sows 

got F ¿5^ a 1 a ® X.

Case b), i®2 t Here we have for each t e t I J

But then of course i F, a ϊ’#^* ( hence to*^^ a ^x<? íf)T*·. Similarly

Η.· β»-’ 4 3’SU.»'''’Í¿'X* · °- course « V *·^

Ρ-4 ιγΡΜ .

Case b), i«3 i Similarly .

Caso a), iaíj i because r-eontractible implies weakly r-contraotible· q.e.d

Theorem 5*2. Let X a ^. Then the. sequences of differential forms

are exact for

i « 1.2,3 , if X is strongly contractible at each x° a X .

i * 2,3 · If, X is weakly contractible at each x· a X ·

Heneo, because the J¿4’ are soft, we have for paraeompact X :

Hf( X, C) S k*mel( Η*( χ4ζ)-»Η*( I.^’) )/!■( «•(Χ,ίί.'^Β’ίΙ,β.’ ) ), 

in the corresponding cases·
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Remark 5»3* Th® proof of 5*1 gives in certain nice cases a homotopy opere® 
tor· For this let our φ: X|V x 1^-------* X)U be an r-contraction with

φ(χ#Χ I) s x®· Let N so», w ( u>* . Then if Í Above is a φ inducing wrapping, 

decompose each u?{ & as above:

then defines a mapping 6": ΰ-χι>---------^XZvo satisfying

for i=lt2Jf if φ is a strong contraction, for i^,), if φ is a weak 

contraction (by the proof above)· Hence we have induced mappings

We have

for p > r· Hence the induced mapping

is the identity, if p > r, for^

i » 1,2,3, if φ is a strong r-contraction, as above ^

i = 2,3, if φ is a weak r-contractlon^ AS Above ,



§ 6. Some connections to analytic spaces.

Let A cl C^» Je; ««(í^.^íJ complex} be locally complex analytic, VH G 

2)^1 A the ideal sheaf of germs of functions vanishing on A, N » 1,2,3,·.··· We 

are interested in some connctions between holomorphic and differentiable difieren» 

tial forms on A· With the notations from §4 and §5 we have:

Theorem 6,1. There exists a locally bounded function Nt A —>N into 

the integers, such that for each e* t A, J|iK(f) we have:

Proof. Obviously: ^X^ q ^vP ^*r\P ^7^ ^° show

the other inclusion let gJO t ^pA^^Q^o · Hence we have

(1) g,. - <. < “Ιζ.

<2> - JfxvX« * J d< ·
where g^. e ® ^¿ζ· fm ΊΓ" P.P-i.

First let A be pure dimensional and ζ., ^ representations of the f^e, g^z<> 

in some neighbourhood U(sD) c C^, For each ε a U(e«) we have a decomposition

where h4X 4 a^x is the taylorpolynomial of fx·* of degree N-3, h^ its 

holomorphic part, and kxX the taylor rest of fAi . For each s £ AnU we have

and therefore

*>Λ * * -k4-4 aod

As in t 4 □ p. i^9 we get

(3)

If U(eú) is sufficiently small, then there exists in U(e°) a holomorphic function 

u , which does not depend on the ‘-h^ and satisfies:

*u) ujA^ is not a eero divisor of 6g/^*7^ for any e a A^U·

β) For some 1 >3 and all g t ΑλΟ statement (3) implies:
ux'^8 * ®x ^ mod ^2» ( see £^3» φ* ήΗί^^Ο )

( ^« ^ , mzG &^ maximal ideal )· Hence for all e e Ο(β·)η A ;

(4)

Following the theorem of Artin - Rees, there’" to each function/* t A —> N a 

function Y : A —> N such that: Y £ y·* and



(5*)

Again* if U(ie) is sufficiently small,/* * constant, one also may choose 

V » constant >/^ in (5a) (see E^· p. $3 ), Hence

(5b)

But ue is not a «ero divisor in ^/^^ » therefore (4) and (5b) imply 

for N - 1 £ ^ and all sc AcU :

(6)

and where the taylor polynomial of kxz up to the degree ^ does not contain 

any holomorphic part. A similar decomposition exists for g^ . Again for 

U(e°) being small, there exist c^,,..^ a Η*(ϋ, ^ )? generating ^^lu, By 

(6) we may write for (2) t

(7)

with a a ϋ(κ®), 4ω^ * i'Sa^> * ^-Ω-ζς * ^^^ e ^"^-^ * tnti ^* taylor 

polonomials of the coefficients of u>2 up to degree / do not contain any 

holomorphic part. Multiplying out in (7) and separating corresponding ooeffi» 

dents, we find (7) to be equivalent to a system of equations

(β)

where A is a column vector and C is a maAtix with In U(c*) holomorphic 

coefficients. dx and r^ are row vectors with germs of functions of class C * 

as entities. Moreover, the taylor polynomials of the coefficients of rx do not 

contain a holomorphic part up to the order /< · Let £ denote the & - submodule 

generated by the column vectors of C, then (8) implies

(9)

for all s e ϋ(κβ) and some <r« Ή. Hence by c 7 3 λ for sufficiently large/».·

for some ^^ e ^ίΏΧρ · ^ “ Ρ·Ρ-1· ^ follows g . t^V . The existence 

of the locally bound st function N(s) Is now obvious.

If A is not puiwdimensional, then combine the proof given here with some 

additional considerations described in [^3, p 4 Oft,
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Thaorem ó,2. If A <- R is only locally j^eal analytic, i^ t a, ú. . .

Proof· similar as the proof for 6,1 , but instead using results of C43 

and C^] use C^2» Theorem £ · We find a decomposition similar to that of (6):

where the Taylor series of k,-** vanishes·

Corollary to 6,1,

Corollaiy to 6,2.

Hence holomorphic p-forms can be identified with certain n-differentiable 

p-forms, analytic p-forms can be identified with certain °» -differentiable 

p-forms. Let us call a holomorphic (analytic) p-form on Ax·

N-differentiably closed

if this form, when considered as a N-differentiable form, is closed. Then we haves

Corollary to 6,1. Each N-differentiably closed holomorphic form on k^ 

is closed j ^ > New*

Corollary to 6,2. Each «-differantiably closed analytic p-form on Ax« 

is closed.

The problem arises of course, whether similar results hold for boundedness. 

This will probably be true. Hcwever here we ca^n only show for A c C*1 locally 

Complex analytic:

Theorem 6,3. For some locally bounded function Nt A—*N one has t 

Each holomorphic 1-form on A2<> which is N(«°)-differentiably bounded, is 

bounded.

We may assume
(1) d ^^ = ^ + £ h¿ * \? ^

with hx· e ^^/ , ^¡Αχί® θ» « ^ίΟΓχο · Write 

where ^ "^ contains exactly all forms of ω^ of the sort 

* * di · a · · · a da · . Lot d » ^ ❖ 9 , then (1) Implies
<) ^ γ 4· 9i^’4 ♦ ^^^'^ β Σ; h¿·

with *i$·^ e ^ÍÍL^» and ^^-^ * ^^ + I h^ ^w'^ . If p=l^we have
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S^l^^ is weakly holomorphic and of clase C*"*. By ttfj then g2<> is 

holomorphic for a suitable locally boundet function N: A—* N . q,e»d.

RefflarkM* With the notations from above: If A is contractible at 

«° a A , then thj^fc^lowlng^ exact:

if A is complex ana/lytic and N sufficiently large» or if A is real analyse and
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