Notas
de
Matematica

FINITE ELEMENT VIBRATION ANALYSIS OF FLUID-
SOLID SYSTEMS WITHOUT SPURIOUS MODES

A. Bermudez de Castro, R. Duran,
M. A. Muschietti, R. Rodriguez, J. Solomin

# 51 1993

UNIVERSIDAD NACIONAL DE LA PLATA

Departamento de Matematica - Facultad de Ciencias Exactas



FINITE ELEMENT VIBRATION ANALYSIS
OF FLUID-SOLID SYSTEMS WITHOUT SPURIOUS MODES

A. BERMUDEZ DE CAsTRO("), R. DURAN(?D),
M. A. MuscHIETTI®), R. RoDRIGUEZ®) AND J. SoLoMIN(®

ABSTRACT. This paper deals with the finite element approximation of the vibration
modes of a problem with fluid-structure interaction. Displacements variables are
used for both the fluid and the solid. To avoid the typical spurious modes of this
formulation we introduce a non conforming discretization. Error estimates for the
approximation of eigenvalues and eigenvectors are given.

1. INTRODUCTION

Increasing attention has recently been paid to problems involving fluid—structure
interactions. (For a survey of current results see [10] and references therein). In this
paper, we will be concerned with a typical problem of this type: the elastoacoustic
one; 1.e.: the interaction between a compressible fluid and an elastic structure.

In this case, under the usual assumptions leading to linear problems, the evo-
lution of the structure is governed by a second order in time linear equation. Its
solution can be written in terms of the vibrations modes of the coupled system
which are solutions of a linear eigenvalue problem; (see for instance [2]).

Different approaches have been proposed to analyze this problem. Displace-
ment variables are generally chosen for the structure while the fluid is described
by different variables (displacements, pressure, velocity potential). Some of these
formulations have been analyzed from a theoretical point of view [2]. Others have
been used for numerical experimentations [9,15,12].

We will consider the elastoacoustic problem consisting of a bounded domain
completely filled by the fluid and limited by the solid. Displacement variables will
be used for both the fluid and the solid. We will introduce and analize a finite
element method to treat this problem in 2D.

Piecewisc linear and bilinear finite elements, for both the fluid and the solid,
have been numerically experimented for this formulation of the problem [9]. Spu-
rious modes with almost zero frequencies arise in these discretizations. Several
approaches have been tried to avoid this drawback. In [8] a penalty method is

1991 Mathematics Subject Classification. 65N25, 65N30.
Key words and phrases. Fluid-structure interaction, spurious modes.
(1) Universidade de Santiago de Compostela.
(2) Universidad Nacional de La Plata, Universidad de Buenos Aires and CONICET.
(®) Universidad Nacional de La Plata and CONICET.
(*) Universidad Nacional de La Plata and Universidade de Santiago de Compostela.



deviced to distinguish these modes. In [3] reduced integration in the stiffness ma-
trix of the fluid combined with a projection on the element mass matrix is used.
Numerical experiments seem to show that this last procedure is useful to avoid the
spurious modes.

We are going to introduce an alternative approach. Our method consists of
piecewise linear elements for the solid and Raviart-Thomas elements of lowest order
[13] for the fluid. The coupling of both discretizations is of non-conforming type.
We will prove the convergence of this scheme and an error estimate will be given.
We will also prove that spurious modes do not arise when sufficiently refined meshes
are used. Numerical experiments showing the efficiency of this method are reported
in [1].

2. MODELING OF THE PROBLEM

2.1 The model problem. )

We study the problem of determining the vibration modes of an ideal inviscid
barotropic fluid contained in a linear elastic structure. We consider as a model
problem the case of a vessel completely filled by the fluid. We restrict ourselves to
the 2D case and assume polygonal boundaries and interfaces.

Let Q. and Qg be the domains occupied by the fluid and the solid respectively as
in Fig. 1. We assume {2 to be simply connected. I'; denotes the interface between
the solid and the fluid and v its unit normal vector pointing outwards .. The
exterior boundary of the solid is the union of I'; and I': the structure is fixed along
I, and free of stress along 'y ; let 17 denote the unit outward normal vector along I' ;.
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Fig. 1

Throughout this paper we use the standard notation for Sobolev spaces, norms
and seminorms. We also denote

H*(div,Q,) = {u € [HYQ,)? : divue Hﬂ(QF)},
1alls aiv 2,y 7= Hallfraca,y + | divullfe(q, ) and H(div, Q) == H*(div,Q,).
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The classical acoustic approximation for the small amplitude motions yields the
following eigenvalue problem for the vibration modes of the coupled system (sec,

for instance, [2,8]).

SP. Find A > 0 and (u,v) € H%!(div, Q) x [HI(QS)]Z, (u,v) # (0,0) such that:

Au + ¢*V(divu) = 0, in Q. (2.1)
ApsV + L(v) =0, in Qg (2.2)
a(vv — (ppc? divu)r = 0, onT, (2.3)
(u—-v)-v=0, on T, (2.4)
o(v)n =0, onTy (2.5)
v =0, onT, (2.6)

where w = v/X is the frequency of the eigenmode, u and v are the displacements in
the fluid and the solid respectively. p,. and pg are the respective densities; ¢ is the
acoustic speed in the fluid. o is the 2 x 2 stress tensor; i.e.:

2
0i,i(V) = As ) enk(V)8ij + 2usei;(v), 1,5 =1,2,
k=1

A and g being the Lamé coefficients of the structure and gij(v) = % (g;’f + %
J 1

being the components of the strain tensor. Finally £(v) := (Ay + g )V(divv) +
tts Av is the linear elasticity operator.

Remark 2.1. The second derivatives in (2.1) and (2.2) must be understood in
the sense of distributions. Equations (2.3) and (2.4) are equalities in H~'/%(T)),
but, since divu € H!(2;) (and hence div u|rI € H'/(I'))) and v - v € HY/%(T)),

both can be considered as equalities in L%(T,).

Problem SP is equivalent to a variational problem. To describe it we intro-

duce the following notation. Let H := [LZ(QF)J2 X [LZ(QS)}2 and |[(u,v)| be
2 2
the standard L?-norm. Let X := H(div,§.) x [H}D(QS)J , [H}D (QS)] be-

ing the subspace of functions in [H'(; )]2 vanishing in ', and |[(u, v)|| be the

H(div,Q,) x [H ](QS)]2 norm. Let V be the closed subspace of X defined by
V:i={(u,v)eX : u-v=v-vonl}; (as in Remark 2.1, the equality of the
normal traces u- v and v - v can be understood in the sense of L*(T",)).

Let a be the bilinear, symmetric, continuous, positive form defined on X by

a((u,v),(d,v)) ::/ pec’(div u)( divq’:)—l—/ o(v):e(?), (u,v),(d,v)eX,

Qp Qg

where o(v) : e(¥) = 3, ., ,0ij(V)eij(¥). Let b be the bilinear, symmetric,
continuous, coercive form defined on H by

b((,v), (¢, )) = / peu- g+ / pov P, (V) () € H,

Q. Qg



Integrating by parts, it is straightforward to see that, if the eigenpair (A, (u, v))
is a solution of problem SP then it is also a solution of the following variational
problem

VP. Find A € R and (u,v) € V, (u,v) # (0,0) such that

a((u,v),(¢,9)) = Ab((u,v),(¢, %)), V($,9)eV. (2.7)

Theorem 2.1. Problems SP and VP are equivalent.

Proof. We have already observed that every solution of SP is a solution of VP.
Conversely, let (X, (u, v)) be an eigenpair of VP. Since (u,v) € V then (2.4) and
(2.6) are automatically satisfied. Equalities (2.1) and (2.2) can be easily proved by
respectively taking (0,%), with ¥ € [D(2,)]%, and (¢,0), with ¢ € [D(22,)]°, as
test functions in (2.7).
Now, V(¢, 1) € V, integration by parts in (2.7), together with (2,1), (2.2), (2.4)
and (2.6), gives

/ [l(,o,,c2 divu)v —o(v)v] - ¢ + / [o(v)v]-¥ =0, (2.8)
r r

I N

proving (2.3) and (2.5) in the sense of H™1/2(T,). In fact, we may take any 1 €

2
[HII“D (2 )] as a test function in (2.8) since there always exists ¢ € H(div,Q,)

such that (¢, ¥) € V; (for instauce, ¢ = Vg, with ¢ a harmonic function satisfying

%:1/)-1/0111"1). 0

2.2 The eigenspace for A = 0.

There exist eigenmodes of problem (2.7) which do not induce vibrations into
the solid. They are pure rotational motions of the fluid and correspond to the
eigenvalue A = 0. The following theorem shows that the eigenspace associated to
this eigenvalue contains exclusively such rotational motions.

Theorem 2.2. Let K be the eigenspace corresponding to A = 0 in problem (2.7).
Then K = {(curl{,0) : € € H}(Q,)}.

Proof. V¢ € H} (), curl€ - v = % = 0, (7 being the tangential unit vector to
[',). Hence (curl¢,0) € V and a(( curl(,0),(¢,9)) =0, V(o,9) € V.
Conversely, let (u,v) € K, then

a((u,v),(u,v)) = / ppec*(div u)? —I—/ o(v):e(v)=0.
QF QS
Since [, o(v) : e(v) = 0 and v| = 0, then v = 0. On the other hand,
S D

divu = 0, then u = curl{ for some ¢ € H'(Q,). Furthermore, since (u,v) € V,
the tangential derivative of € along I'; is curl{-v = v -v = 0. Therefore, { can be
chosen in Hj(Q.). O

The following lemma gives simple characterizations of the orthogonal comple-
ments of K in H and V which will be used below.



Lemma 2.3. Let G := {(Vq,v) : ¢€ H'(Q,), ve L*,)} and Gv :=GNV.
Then

i) H=K & G is an orthogonal decomposition in |- |.

i) V= K @ Gv is an orthogonal decomposition in both |- | and || - ||.

Proof. 1t is well known that any function in L?(,) can be orthogonally decomposed
into a gradient plus the curl of a function vanishing on 9, (see [6]). So, (i) follows
immediately.

On the other hand, for every (u,v) € V, the Neumann problem

Aq = divu, in O
{ = F (2.9)
L =v-v, on T,

is compatible and, for any solution ¢ € H'(£,.), (Vg,v) € V. Since div(u—Vyg) =
0, then, proceeding as in Theorem 2.2, we have that (u,v) — (Vq,v) = (curl ¢, 0)
with £ € H)(9Q,). This decomposition is orthogonal in |- | as well as in || - ||, so we
conclude the theorem. O

2.3 Description of the spectrum and an a—priori estimate.

Let us recall that our goal is to determine those eigenmodes inducing vibrations
into the solid. It can be easily seen from the previous lemma that these eigenmodes
correspond to irrotational motions of the fluid and are associated to strictly positive
eigenvalues.

The bilinear form e is not coercive on V. However, a* := a + b, can be used in
our problem and it turns out to be coercive. In fact,

a* ((u,v), (u,v)) = /

Q

pect(ivaf’ + [ o(v)ie)+ [ plul+ [ ol
F

QS F QS

2 2
>C {”u”H(div,Qp) + Ilvll[Hl(Qs)]2}
=Cll(u,v)]*, ¥(u,v)eX. (2.10)
(Throughout this paper C denotes a constant, not necessarily the same at each

occurrence).
The eigenvalue problem associated to a* is

VP*. Find X € R and (u,v) € V, (u,v) # (0,0) such that

a* ((u,v), (¢, %)) = Ab((u,v), (¢, %)), V($,¥)€EV.

It is clear that (A, (u,V)) is an eigenpair of VP* if and only if (A—1,(u,v)) is an
eigenpair of VP. Since a* is V-elliptic, we can define the bounded linear operator
A:H — V as given by A(f,g) = (u,v) € V such that

a* ((u,v),(,¥)) = b((f,8),(9, %)), V(d,9)€V.

For different A-invariant subspaces E C H, we denote A the restriction Alg :
E — E. In particular, let Ay := Al : V — V; Ay is selfadjoint and, clearly,

(A, (u,v)) is an eigenpair of Ay if and only if (§,(u,v)) is a solution of VP*and
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then (§ — 1,(u, v)) is a solution of VP. Since the eigenvalues of VP are positive,
then those of Ay satisfy 0 < A < 1.

Av 1s not compact; in fact, Ak is the identity on the infinite dimensional sub-
space K C V. Nevertheless, the following results show that Gv is A-invariant and
Ag,y 1s compact. This will be used below to show that the spectrum of Ay consists

of A =1 and a sequence of eigenvalues A,, — 0.

Lemma 2.4. A(G) C Gv.

Proof. Decompositions in lemma 2.3 are also orthogonal for the inner products

b(-,-) and a*(-,-). Therefore, for (f,g) € G = K, (u,v) = A(f,g) € V satisfies
a*((u,v),(curl¢,0)) = 5((f, g), (curl§,0)) =0, V&€ Hy(Q).

Hence, according to Theorem 2.2, (u, V) is orthogonal to K in a*(-,), so (u,v) €

Gv. O

The following theorem gives an a—priori estimate for the eigenvectors of VP*not
corresponding to X = 1. This result is basic for the error estimates of the numerical
method that we introduce in Section 3. As a by—product it yields the compactness
of Ag,, -

Theorem 2.5. There exist o« € (%, 1], B € (0,1) and C > 0 such that if (f,g) € G,
then (u,v) := A(f,g) € H*'(div,,) x [H1+ﬂ(QS)]2 and

{0l s ity + ¥ 2oy < CIE B

Proof. Let (f,g) € G. Because of Lemma 2.4, (u,v) € Gv. Hence, there exists
g € H'(2,) such that u = Vq. ¢ is a solution of problem (2.9), (i.e.: Ag = divu
in Q. and g—z— =v-vonl,). Since A: H -— V is continuous, then

v - V”Hl/?(l"l) <C ||V||[H1(QS)]2 < [|A[[ (£, 8)l

and

div ullyaq, e < 141 (£, 8)]

From the usual a-priori estimate for the Neumann problem, (see [7]), we have

q € H'T*(Q,) and

“u“H"-‘(div,QF) = ”vquH“-‘(div,QF)

< ¢ (lldivuluq i + IV Vi, < CIE B,

where o = 1 if 2, is convex and o = 7, with 6 the biggest reentrant corner,

otherwise.
Proceeding as in Theorem 2.1, it can be shown that —c*V(divu)+u=fin Q,

and then div ulr‘, € HY%(T,) with || div u”H‘”([‘I) < C| div u”Hl(QF) < C|(f,g)l
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Arguing again as in Theorem 2.1, v is shown to be the solution of the following
linear elasticity problem:

—L(V) + ppV = pe8, n {2
o(v)v = (p.c? divu)v, onT,
o(v)n =0, onI'y

v=0, onT',

From the a—priori estimate for this problem ([7]), it turns out that v € [H+£(§,)] 2
with ”v“[]-]l+ﬂ(Qs)]2 <C [”g”[LZ(QS)]z + ” div u”Hl/?(l‘])] < Cl(f’g)la where 3 €
(0,1] depends on the reentrant corners of d€);, on the angles between I'j and '}
and on the Lamé coeflicients A\; and p,. O

This result yields the regularity of the irrotational eigenmodes.

Theorem 2.6. The eigenfunctions (u,v) of VP* corresponding to eigenvalues \ #
1 belong to {H“'l(div,QF) x [H1+ﬂ(QS)]2} N Gv.

Proof. Since Av is selfadjoint and K is the eigenspace associated to the eigenvalue
1, for X # 1, (u,v) € K+ = Gy because of Lemma 2.3. So, this theorem is an
immediate consequence of applying Theorem 2.5 to (f,g) = ¥ (u, v). a

Now, we can give a characterization of the spectrum of Av.

Theorem 2.7. The spectrum of Ay consists of the eigenvalue A = 1 and a sequence
of finite multiplicity eigenvalues {A,, : n € N} C (0,1) converging to 0. K is the
eigenspace of A = 1 and each eigenvector (un, v, ) associated to A, satisfies curlu,, =

0.

Proof. It only remains to prove that Ag, is compact. Now, because of Theorem
2.5, Agy : Gv — {Havl(div,ﬂp) X [H1+ﬂ(QS)]2} N Gy is continuous. Then,

our claim is a simple consequence of the compactness of the inclusion
{H"”(div,QF) x [H‘+ﬂ(95)]2} N Gv — Gv.

O

We conclude this section giving an analogous of Theorem 2.5 for (f,g) ¢ G.
This result will be used for the proof of Lemma 5.7 below.

Theorem 2.8. The image of A is contained in H*'(div,Q,) x [H' (€ )]2 and
A:H — H"(div,Q,) x [HI(Qs )]2 is continuous.

Proof. 1t is similar to that of Theorem 2.5 since the assumption (f,g) € G in that
theorem was only used to ensure further smoothness of the solution. O



3. FINITE ELEMENT DISCRETIZATION

In spite of the fact that Ag,, is compact, it would not be convenient to reduce our
analysis to Gv because of the difficulty of finding finite element spaces consisting of
irrotational functions. So, we will deal with the non compact operator Ay through
the variational problem VP*.

In this problem, the infinite dimensional eigenspace K, associated to A = 1, con-
sists of pure rotational motions which are not physically relevant since they do not
induce vibrations into the structure. However, a suitable numerical approximation
should take care of them. Otherwise, spurious modes may appear. This is the case,
for instance, when continuous piecewise linear finite elements are used for both, the
fluid and the solid (see [8]).

Such spurious modes are eigenvalues of the discrete problem which do not ap-
proximate any eigenvalue of the continuous one. They arise as a consequence of the
fact that, in this discretization, the eigenspace associated to A = 1 is very small.
Because of it, in the discretized problem, this eigenvalue splits into several spurious
eigenvalues which are placed among the physical ones. A procedure to distinguish
them was deviced in [8].

To avoid this drawback, we use the well known lowest order Raviart-Thomas
elements for the fluid. In our approach, the eigenspaces associated to A =1 in the
discretizations of VP*have increasing dimension and yield good approximations of
K as the meshsize becomes smaller. This fact will turn out to be highly relevant
in the proofs of Section 5.

Let {71} be a family of regular triangulations of €. U £, such that every tri-
angle is completely contained either in Q. or in 2. For each component of the
displacements in the solid we use the standard linear finite element space

La(Q) :={v e H' (Q) : vlp € Pi(T),VT € Ty, T C Q }
and, for the fluid, the Raviart—Thomas space [13]
Ri(Q):={ue H(div,Q.) : ulp € Ro(T), VT € Ty, T C Q. },
where
Ro(T) := {u € Pi(T) : u(z,y) = (a+bzx,c+by), a,b,c € R}.
The degrees of freedom in R,(2,) are the {(constant) values of the normal compo-
nent of u along each edge of the triangulation. Therefore, the discrete analogous of

X is
Xy = .{(u,v) € Ra(Q) x [La(Q))” © vip = o}.

As we shall see in Theorem 4.3, A = 1 is an eigenvalue of our discrete problem with
eigenspace K N X;. This space contains good approximants for any function of K
since, as it is straightforward to prove,

KNX, = {(curlg,o) L €€ Lu(Qy), €l = o}. (3.1)
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The naive choice of finite element spaces to approximate V would be to choose
the conforming ones V N X;. However, this is not a suitable choice. In fact, any
function of these spaces has constant normal components along each segment of
I, and, hence, only functions with this same property could be well approximated.
Nevertheless, the vibration modes of the physical problem are far from having
constant normal components along these segments. So, we are led to impose a
weaker condition than (2.4) to define our discrete spaces. In fact, we use the
following finite element spaces:

V) = {(u,v)exh : /[(u—v)-u=0,‘v’€C 1‘1}.

Let us remark that for (u,v) € Vi, u- v and v - v coincide at the middle point
of each edge ¢ C T, but, in general, they do not coincide on the whole edge. Hence,
V5, ¢ V; that is, our method turns out to be non conforming.

As it was shown in (2.10), a* is X—elliptic and hence V—elliptic. Then, we can
define a linear operator Ay : Vi — V), such that, for (u,v) € V,

a'*(Ah(uvv)a (¢,¢)) = I)((U,V),(d), '¢'))v V(d), 1/)) € Vp.

The spectrum of A furnishes the approximation of the spectrum of Ay that we
are going to analize.

4. SPECTRAL APPROXIMATION

We are going to make use of the theory developed in [4] for non compact opera-
tors. This theory does not cover our case since it assumes a conforming discretiza-
tion. However, a simple trick allows us to set our problem within this framework.

Since V;, C X, Ap can be considered as a conforming discretization of the
operator Ax : X — X. On the other hand, the knowledge of the spectrum of Ax
gives complete information about the spectrum of Ay. More precisely, we have the
following lemma.

Lemma 4.1. The spectra of Ax and Av satisfy
0(Ax) = o(Av) U {0}.

Proof. Let z ¢ 0(Av), z # 0. As we show now, (z — Ax) : X — X is one to one
and onto. It is onto since, given y € X, taking x := ]; [y +(z — Av)—ley] we
have (z — Ax)x = y. On the other hand, if (z — Ax)x = 0, then x = %Axx eV
and so (2 — Av)x = (2 — Ax)x = 0. Since z ¢ o(Av), then x = 0. Hence (z — Ax)
is one to one. Therefore, because of the open mapping theorem, z ¢ o(Ax).
Conversely, let z ¢ o(Ax). Firstly, z # 0 since Ax(X) C V and so Ax is not
onto. Secondly, given y € V, there exists a unique x. € X such that y = (z — Ax )x.
Moreover, x = %(y + Axx) € V. Hence, this is the unique x € V such that
(z — Av)x = (2 — Ax)x = y. Therefore, (z — Av) : V — V is invertible and, as
before, z ¢ o(Av). 0

From Theorem 2.7 and this lemma we know that the spectrum of Ax consists of
a sequence of eigenvalues A, C (0,1), A = 1 and XA = 0 (the latter being no relevant
in our problem). As we claimed above, the eigenspace associated to A = 1 is well
represented in our discretization. In fact, we have the following theorem.



Theorem 4.2. )\ =1 is an eigenvalue of Ay and its eigenspace is KNX;, = KNVy.

Proof. From (3.1) it is immediate to see that K N X} is contained in V. Now, let
(u,v) € V; such that Az(u,v) = (u,v). It satisfies a((u,v),(¢,v)) = 0 for all
(¢,%) € V. In particular a((u, v),(u,v)) = 0 and hence divu = 0 and v = 0. So,
u= curlé with £ € H'(Q.). Since u € Ry, then curl¢ - v|, is constant for every

¢ C T, and, since (u,v) € Vj, and v = 0, then g—f’ = curlé-v|, =0 and so £ can
¢

be chosen in H}(Q;). On the other hand, divu = 0 implies that, for each T C ..,

u|; € [Po(T)]? and then ¢ € Li(,). Therefore (u,v) = (curl{,0) € KN X,

according to (3.1).

Conversely, because of (3.1) again, every (u,v) € KNX,, is clearly an eigenvector
of Aj associated to A = 1. O

Let us denote ||[Ax — An|l, = supxev, : xj=1} [I(Ax — An)x|| and, for x € X
and E a subspace of X, dist (x,E) := inf(yeg) [|x—y]||. Let @ € (3,1] and 8 € (0, 1]
be the constants arising in Theorem 2.5 and let 4 := min{«, 8}. In the remainder
of this section, we assumne the two following properties which will be proved below:

P1. For each eigenfunction x of Ax associated to A € (0,1) with ||x|| = 1, there
exist strictly positive constants C and hg such that, if h < hy, then

dist (x, V) < Ch.

P2. There exist strictly positive coustants C and hg such that, if h < hg, then
|Ax — Axll, < Ch7.

Theorems 4.3 and 4.4 below are specializations of the theory in [4] to our case,
where the spectrum o(Ax) is discrete, real and positive, with A = 0 as the only
accumulation point. Let us remark that, since A is selfadjoint, o(Ap) also consists
of real positive eigenvalues.

The next theorem shows that there are not spurious eigenvalues for h small

enough.

Theorem 4.3. Let J be a closed interval such that J No(Ax) = @. There exists
hy > 0 such that, if h < hy, then JNo(Ay) = 2.

Proof. See [4]. a

Now, we are going to prove that the eigenvaluesin (0, 1) and their eigenvectors are
well approximated in our discretization. For any open interval I := (a,b) C (0,1)
with a,b ¢ o0(Ax), we denote E; the direct sum of the eigenspaces of Ax associated
to its eigenvalues A € I. Let E? denote the analogous for As. The theorem below
gives bounds for the distance between E; and E*.

Theorem 4.4. There exist strictly positive constants C and hj such that, if h <

hp, then:
i) for each x € E} with ||x|| = 1,

dist (x, Ef) < C||Ax — Anll, £ Ch7; (4.1)
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i1) for each x € Ey with ||x|| =1,

dist (x, Eb) < C [dist (x, V) + |[Ax — Axll,] < Ch. (4.2)

Proof. It follows by combining the proofs in [4] with P1 and P2. ]

As a consequence of Theorem 4.4, we may assert that if I N o(Ax) = {A},
then dimE”* = dimE;(=: n) for h small enough. This last property implies the
convergence to A of the (not necessarily different ) eigenvalues of the discrete problem
M. Ak We cannot use directly the theory in [4] to obtain error estimates
because Ax is not selfadjoint. However, we are going to show that a slight variation
of this theory works in our case. Let us remark that the theory for non conforming
methods in [11] does not either apply to our case since it assumes the operator to
be compact.

Theorem 4.5. There exist strictly positive constants C and hy such that, if h <
hy, then

1 7"
' — =) AH<chn
1 11
i —— = — | < Ch”
i) A on P A o
i1) max [\ — A\ <Ch.

1<i<n

Proof. Let 11}, : X — E? be the a*(-,-) orthogonal projection and let Aj be its
restriction to E;. Since a* defines a norm equivalent to || -||, by using (4.2) we have

|Ix — Apx|| < C dist (x, E?) < ChY||x|| (4.3)

for x € E; and h small enough. Furthermore, for & such that Ch7 < %, |Ix—Apx|| <

7|1x|| and hence
1
[[Arx]l 2 flxll = 1% — Anx]| > Six]l-
So, since dim E; =dimE}, Ay is a bijection and its inverse satisfies ||A; ]| < 2.

Let Ag, = AX,E, :E; — E; and By, = A;lAhAh :E; — Ey. For x € Ey

we have
I(Ag, — Ba)xll < [[Ax(I — Aa)xll + (Ax ~ An)Awx] + (T = A7) AxAnx]l
Now, for h small enough, by using (4.3) we have
[ Ax(I — An)x|| < |Ax]| CRY|Ix|,

11



by using P2,
I(Ax — An)Arx|| < || Ax — Anll, |Asx|| < CR7||x]|
and, from (4.3) again and since |[A}; ] < 2,
I(T = AT AnAnx]| = (I = An)AL" AnAnx|| < CRY||Ap]lIx].

Then

|Ag, — Br|| = sup [(Ag, — Bp)x|| < Ch".
x€E; : ||x]|=1

Finally, taking into account that Ag, = AI and that A* ... A are the eigenval-
ues of By, (i) follows from the continuity of the traces:

A—— Z A =
(ii) follows from the fact that for f an analytic function on I,

If(Ag,) = f(Bi)ll < CllAg, — Ball

and (iii) can be deduced as in [14]. O

- |tr (Ag,) — tr(By)| < C||Ag, — Bi|| < ChY;

Claim (ii) in Theorem 4.4 shows that any eigenvector of the continuous problem,
corresponding to the relevant eigenvalues A € (0,1), can be approximated with an
error of order h”7. Claim (i) shows that all the eigenvectors of the discrete problem
are approximants of those of the continuous one if A is small enough. Theorems
4.5 and 4.3 give analogous results for the eigenvalues. These theorems are valid for
any discretization satisfying P1 and P2. In the following section we prove these
properties for our method.

5. PROPERTIES OF THE APPROXIMATION

5.1 Property P1. To prove this property we introduce a Vj—interpolant. Let
Iy : {H"’l(div,QF) X [HH'[’(QS)]z} NV — V,, be defined in the following way:

(Lv)|p, T CQy
(Ru)|p, T CQand 0T NT, =0

In(u,v)|p = N
(Ru)’T, T CQ, and 9T NT, # o

where Lv is the Lagrange interpolant of v in [L;(£2)]?, Ru is the standard Raviart—
Thomas interpolant of u in R4(Q,) and (ﬁu)‘T is the function in Ro(T") with
degrees of freedom (normal components) given by
~ (Ru), - v, if g T,
Ru). vi=1q .
i fl (I’V)IT, v, iLCT,
with Ty the triangle contained in Qg such that 0T N 0T, = £. With this definition

we ensure Ip(u,v) € V. B
In the following lemma we give a bound for || Ru— Ru|| gy (qiv,) for those triangles

where R is defined. For the sake of simplicity we assume that T has only one edge
? contained in T}, but a similar result is true in general with obvious modifications.
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Lemma 5.1. There exists C > 0 (only depending on the regularity of T and Ty)
such that, for each (u,v) € {H"'](div,QF) x [H™*P (9 )]2} nv,

| Ru — Ru|| g,y < CH? VIl pr+e (12 -
Proof. Let @, be the standard basis function of Ro(7T) associated to £.

(Ru — Ru)| = [%/Z(U—Lv)-u] o = [I%I/[(V—Lv)-u] or.

Hence,

||<Pe||H(div,T) .

~ 1
|Ru — Rul| graiv, 1) = 'm /(V —Lv)-v
£

1 .
/]divgadz:— / div ¢y / $eo- VT
T IT| |Jr T
|7

and, by changing coordinates to a reference element, it can be seen that [, 7 = T
Therefore, |||l f(giv, 7y < € for a constant C only depending on the regularity of
T. On the other hand, by using a suitable trace theorem and standard interpolation
results for Sobolev spaces of fractional order ([5]), we have

‘I%/Z(V_Lv).y

Now,
2

Ll
T

7]

1
< e IV =LVl 1202

SIE (W12 v = Ll + B2 = IVl g |

C 1248
< RE h ||v||[H“”’(Tz)]2
<cr’ ”V||[Hl+a('n)]2 ’

for C a constant only depending on the regularity of Ty. All together, we conclude
the lemma. ]

The following theorem gives an error estimate for the interpolant Iy.

Theorem 5.2. There exists a strictly positive constant C such that, for all (u,v) €
HeY(div, Q) x [H'*P ()],

”(u, V) - Ih(u,V)” <Ch {”u”H""l(div,QF) + ”v”[Hl‘*'ﬁ(Qs)]z} . (51)

Proof. By using the interpolation results in [5] we obtain

“v — LVH[HI(T)]2 S Ch'BHV|I[H1+;3(T)]2, fOI‘ T C QS? (5.2)
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and

”ll — Ru“H(div,T) S Cha“ll“Ha,l(div,T), for T C QF. (53)
From (5.3) and Lemma 5.1 we have, for T C Q, such that 3TN T, # 2,

lu = Rul|gaiv,7y < llu— Ru||geaiv,7) + [|RU — Rul|yaiv,7)

S C{ha”u”H“'l(div,T) + Z }I‘B”V”[H1+5(T,)]2 }.
T’CQS (54)

T'NT#6
So, by using (5.2), (5.3) and (5.4), we couclude the theorem. O

Now, P1 1s a simple corollary of Theorem 5.2.

Theorem 5.3. (P1) For each eigenfunction (u,v) of Ax associated to A € (0,1)
with ||(u,v)|| = 1, there exist strictly positive constants C and hq such that, if
h < hg, then

dist ((u,v), V) < Ch".

Proof. Since Ax(u,v) = A(u,v), by applying Theorems 2.6 and 2.5, we obtain
C C
{lallzes g,y + ¥llssgagp | < SIS S

Hence, the theorem follows from (5.1). m]
5.2 Property P2. It only remains to prove the following theorem.

Theorem 5.4. (P2) There exist strictly positive constants C and ho such that, if
h < hg, then
|[Ax — Ah”h < Ch".

Proof. Let Sp be the orthogonal complement in V, of KNX;, = KN V,. Because
of (3.1), we know that

S, = {(u,v) eV, : /Q

Since Ax|gnx, = Arlknx, (in fact, both are the identity on K N X4 ), we have

u- curlé =0, V€ € Lp(Q,), £|rl = O}.

F

lAx — Anll, = swp  [l(Ax — An)(w, V)]

(u,v)ESh
1(u,v)][=1
Now, let (u,v) € Sy with ||[(u,v)|| = 1. We can write the orthogonal decompo-
sition
(u,v) = (curl ¢,0) + (Vq, ) (5.5)
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with ¢ € H'(2,) and ¢ € H'7*(Q.). In fact, we can take ¢ as a solution of the

Neumann problem

{ Aq = div u, in Q,
—g% =V-v, on I',
This problem is compatible since for (u,v) € Vi, fu-v = fe v-v for any edge £ C

T',. The a—priori estimate for this Neumann problem ([7]) shows that ¢ € H*t*(£,)
and

lallar+eca,y < C IV -vlgee) +I1div ulle(nF)] < Cll(w,v)l[=C.  (56)
Now, let IT; : X — V}, be the orthogonal projection in a*(-,-). We have

(Ax — An)(u, V)|l < I(I = I)Ax(curl {,0)|| 4 |[(I — IIn)Ax(Vq, V)]
+ I(Tr Ax — Ag)(u, v)]|.

In the following lemmas we prove that each one of the three terms in the r.h.s. is
bounded by Ch7, concluding therefore the Theorem. O

Lemma 5.5. Under the assumptions and with the notation of Theorem 5.4,

(I = IIx)Ax (curl ¢, 0)|| < CR®.

Proof. Since Il is the projection in the norm a*(-,-)!/?, which is equivalent to ||-||,

we have

|(I — Tx)Ax(curl¢,0)|| < Ca*(Ax(curl(,0), Ax( curl¢,0))'/?

<C sup a*(Ax(curl(,0),(o,v))
(¢, )V
[1(,9)]I=1

=C sup b((curl(,0),(¢,v))
(d,9)EV
II(¢,¥)1I=1

< C“CUI‘ICH[LE(QF)]Z (57)

Now, from (5.5) we can write
leurt Gl qa, = | (Va=0)-(Va=RVO)+ [ (Vg-w-(R(Tg)-u), (5)

where R is the Raviart-Thomas interpolant as above. Therefore, (R(Vq) — u) €
R (£2;) and so, for every T C ),

v (R(V9) = iy = 7 [ div (R(Vg) ) = 7 L (R0 =) -vr

1 1 .
:m aT(Vq—u)~uT:W/wa(Vq—u)z()
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and, for every edge £ C T,
1 1
(R(V9)—wle-v = 7 [REV) = w-v = [(9g-0—vov) =0,

So, (R(Vgq) —u),0) € KNX, and hence, from (3.1), there exists £ € Ly(2,.) with
€|F: = 0 such that (R(V¢) — u) = curlé. Therefore, since (u,v) € S,

| 1= @) -0 = [ (vg-w-cunte= | 1% =0

QF F
Now, by using this equality in (5.8), the error estimate for the Rp—interpolation,
(5,5) and the a-priori estimate (5.6), we obtain
I CurlCHsz(QF)]Z <|IVg-— ull[L?(QF)]z Vg — R(Vq)”[LZ(QF)]Z
< lFeurlcll gy CH IVl oo, )2
< ChY || curlC||[L2(QF)]z .

Finally, from this inequality and (5.7) we conclude the lemma. O

Lemma 5.6. Under the assumptions and with the notation of Theorem 5.4,

(I —Ix)Ax(Vgq,v)|| < ChT.

Proof. Let (1,V) := Ax(Vq, V). Since (Vg,v) € G, then, applying Theorem 2.5, it

turns out that (u,v) € VN {H“’l(div, 0,.) % [Hl"'ﬂ(QS)]?} and ”ﬁHH“»‘(div,QF) +

||‘~’“[H1+B(Q ) < C|(Vq,v)| < Cl|(u,v)|| = C, the last inequality being true be-
S

cause of (5.6). Hence, by using Theorem 5.2 and the equivalence between a*(-,-)!/?

and | - ||, we obtain

(I = ) Ax (Vg, V)| < CII(I = In)(, V)|

< O {11l o aiv .y + ¥l py1anga,p } < AT

O
Lemma 5.7. Under the assumptions and with the notation of Theorem 5.4,
(T Ax — Ap)}(u,v)|| < Ch.
Proof. Since (IIy Ax — Ap)(u,v) € V} and a*(-,+)'/? is equivalent to || - ||, we have
(M Ax — Ap)(u,v)]| < C  sup (Tl Ax — Ar)(u,V), (b, %))

(d’yd')evh
l(4.9)lI=1

=C sup [a"(TadAx(u,v),(¢, %)) = b((u,v),(d,%))].
(. 9)lI=1
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Let (@1,v) = Ax(u, V) as in the previous lemma. From Theorem 2.8 we know that
(a,¥) € H*'(div, 2,) x [H'(2)]* and

{”ﬁ”H"’l(div,ﬂp) + ”‘7”[111(95)]2} < Cl|(u,v)|| = C. (5.10)

Arguing as in Theorem 2.1, it can be shown that (11, V) is the solution of the strong
problem

— *V(divid) 4+ @t = u, in 0,
= L(V) + psV = psV, in
o(V)v — (ppctdivi)v = 0, on I’
(a—v) v=0, on I,
o(V)n =0, on I
v =0, on I'

Hence, integrating by parts, we obtain, for (¢,9) € Vy,

a* (T Axc (u, v), (6, %)) — b((1, v), (b,)) = ppc? /r divi(¢—)-v. (5.11)

1

For ¢ C T, let T C Q, and Tr C £ be the triangles such that 9T N 9T, = £. Let
Py denote the L2(€)-projection of H'/2(£) onto the constants. Since ¢-v = Py(¢h-v),
we have

/edivﬁ(qﬁ—i,b)-u

= '/{[div u — Pe(diva)] [Py -v) — ¢ - V]
< || div it — Py( div @)|[ o gy | Pe(3 - v) — - V][ 12y -

Now, if Pr denotes the L(T)-projection of H'(T) onto the constants, by using a
trace theorem and the standard error estimate for the L?~projection, we have

|| diva — Pp( div ﬁ)”Lz(l’) < || diva — Pp(div ﬁ)“Lz(g)
< C |h7V? )| diva — Pp(div |l 27
+h]/2 l divua — PT( div ﬁ)lHl(T)]

< CRV? [ div ] g g -

Analogously, || Pe(¥ - v) — ¢ - v 12 < Ch'/? 1%y (1,)- Hence

/r divii(¢ — ) v

1

< Ch|divﬁ|H1(QF) W)'Hl(ﬂs)' (5.12)

So, from (5.9), (5.11), (5.12) and (5.10) we conclude the lemma. ]
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