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Abstract. We introduce a new property for classes of structures (or
relational database instances), that we call bounded FO types. Then we
prove that on such classes the expressive power of SOF collapses to first
order logic FO. As a consequence of this we prove that SOF is strictly
included in SO.
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1. Introduction

Significant research has been done in the last few decades in regard to the
relationship between finite model theory and computational complexity theory.
There is a close relationship between computational complexity, the amount of
resources we need to solve a problem over some Turing machine, and descriptive
complexity, the logic we need to describe the positive instances of the prob-
lem. The most important result about this relationship was the result of Fagin
[3]. This result establishes that the properties of finite relational structures (or
relational database instances) which are defined by existential second order sen-
tences coincide with the properties that belong to the complexity class NP. This
result was extended by Stockmeyer [10] establishing a close relationship between
second order logic and the polynomial hierarchy.

In [7] we introduced the logic SO and proved that the logic SO“ defined
by A. Dawar [2] and further studied by F. Ferrarotti and the second author [6],
which is a fragment of the infinitary logic L% ,, is strictly included in SOF.
In SO“ the second order quantifiers range over k’-ary relations closed by the
equivalence relation =* for k' < k, whereas in SO the second order quantifiers
range over k-ary relations closed by the equivalence relation ="C (see section 2
for definitions of =* and =?). We showed that in SOF' the rigidity query can
be expressed. This property means that the structures only has one automor-
phism which is the identity function. Rigidity belongs to co-NP. In [7] we also



characterize the existential fragment X} + of SOF with a modified version of the
relational machine defined in [1].

In [8] we added oracles to our version of relational machine, and we intro-
duced the polynomial time hierarchy PHF. We then showed the correspondence
between the fragments Eil " of SOF and the levels of the polynomial time hier-
archy PHF. That result is analogous to the L. Stockmeyer’s characterization of
polynomial time hierarchy on Turing machine [10] and also to the F. Ferrarotti
and the second author’s characterization of the relational polynomial time hier-
archy on relational machines [6].

Using the semantics of SO and fixing a o-structure A it is possible to assign
an FO formula equivalent to each SO formula. In this reduction lies the idea
to define, for a fixed o-structure A, each possible k-ary relation closed under
FO types for k-tuples using an FO formula. This match between sentences of
SO*" and sentences of FO can be established for classes of structures which have
a finite number of isolating formulae for FO types. This property holds for the
class of structures with unary vocabulary.

As a consequence, the expressive power of SOF collapses to FO over classes
with a finite number of isolating formulae including the case of structures with
unary vocabulary. It is well known that parity is expressible in SO but is not
expressible in FO, then parity over sets is not expressible in SO¥. Therefore,
SOF is strictly included in SO.

2. Preliminaries

We only consider finite relational structure.

A vocabulary o is a set of relational symbols {Py,..., Ps} with associated
arities, r1,...,7s > 1. A o-structure (also called model or relational database
instance) A = (A, P{%, ..., PA) consists of a non empty set A called domain of
A and a relation PiA C A" for each relation symbol P; in ¢ for 1 < i < s. The
domain of A is denoted with A or dom(.A).

An me-ary query q, for m > 1 is a function which maps structures of a
fixed vocabulary o to m-ary relations on the domain of the structures, and
which preserves isomorphisms, i. e., when f is an isomorphism from A to B
then t € q(A) iff f(t) € q(B). A 0-ary query, also called Boolean query, is a
function from a class of o-structures to {0,1} and can be identified with a class
of o-structures. By a class of structures in B, we means a class closed under
isomorphism.

For the definitions of syntax and semantics of FO see [9] among others.

The truth value of a formula ¢, A = ¢(z1,...,2,)[v], with free variables
Z1,...,Tyn, only depends on the values assigned by the valuation v to the free
variables. Therefore, we denote with A = ¢[ay,...,a,] the truth value of the ¢
in the structure A for a valuation that assigns to the free variable z; the value
a; for 1 < i < n. Then a formula p(z1,...,2,) with n free variables defines an
n-ary relation on A, o = {(ay,...,a,) € A"|A = o(21,...,20)[a1,...,an]}.

FOF is the fragment of FO where we use up to k different variables.



In second order logic we add a set of second order variables which range over
relations instead of elements of the structure domain.

Another way to extend the logic FO is by allowing conjunction and disjunc-
tion over sets of formulae with arbitrary cardinality, then we have the infinitary
logic L .. The logic E’;O,w is the fragment of L ., where we use up to k different
variables. The logic £, , is the union of the fragments £§O,w for k> 1.

2.1. Element Types

Let A be a structure and a be an [-tuple of elements of A for [ > 1, we define
the FO type of @ in A, denoted by typef©(a), as the set of FO formulae, ¢,
with free variables among 1, ..., x; such that A = ¢lay,...,aq;]. A set 7 of FO
formulae is an FO type iff 7 is the FO type for some tuple in some structure. If
7 is an FO type, we say that the tuple a realize 7 in A iff 7 = typeio(d).

Let A and B be o-structures and @, b be two tuples of the same length in the
structures A and B respectively. (A,a) =FC (B,b) iff typef®(a) = typeE°(b).
That is, two tuples of possibly different structures have the same FO type when
they satisfy the same (maximally consistent) set of FO formulae. Let k > 1, and
7 be an FO type, a formula ¢(Z) € 7 is called an isolating formula of FO type 7
for k-tuples when for all pairs of structures A, B in B, and tuples a € A*, b € B*
it holds that A |= ¢()[a] and B = ¢(z)[b] iff 7 = typeh©(a) = type5© (b).

In a similar way we can define type’jl(d) and = for the logic FO*.

Fact 1 Let I > 1, A a finite o-structure and a and b be two l-tuples on A.
(A,a) =FO (A,b), if and only if, there is an automorphism f such that f(a;) = b;
for1 <i<lI.

3. Semantic Restrictions of SO

A. Dawar in [2] introduced a restriction on second order logic (SO¥)by re-
stricting the class of relations that the quantified second order variables can be
assigned to by valuations. In SO%, the second order variables can only contain
relations which are closed under the equivalence relation =k for some k > 1. This
implies that we cannot assign arbitrary relations to the variables. The relations
have to be unions of FO types, i.e., they have to be unions of equivalence classes
of =F.

In [7] we introduced the logic SO as a restriction of the second order logic
where the second order quantifiers range over relations closed under the equiva-
lence relation =9, i.e., the quantifiers range over relations which are unions of
FO types. These relations are redundant in the sense of [5].

Let £ > 1. For a k-ary relation variable R, we define the second order quan-
tifier 3" R with the following semantics: A = 3 Ry[v] if and only if there exists
a relation S C A* such that S is closed under the equivalence relation =¥ O in
A for k-tuples, and A |= p[vZ]. As usual V¥ Ry is an abbreviation of =3 R—.

We add the following formation rules to the FO formation rules to obtain
the formulae of SOF: 1) If R is a k-ary second order variable, for k > 1, and



X1,...,xg are first order variables, then R(x1,...,xx) is a formula (atomic) of
SOF. 2) If v is an SOY formula, and R is a k-ary second order variable, then
3" Ry and V¥ Ry are formulae of SOF. The fragment ZZ—I’F of SO consists of
the formulae of SO which have a prefix of i alternated blocks of second order
quantifiers followed by an FO formula. The prefix must begin with an existential
quantifier block. Then, we can define: SO¥'={/J, Eil’F.

4. Collapse of SO to FO

Before we show the reduction to FO we will see that the FO types for r-tuples
realized in a particular structure can be expressed by means of FO formulae with
r free variables.

When we use second order quantification we extend the structure with rela-
tions. In SO¥" we extend the structure with redundant relations in the sense that
has been studied in the work of F. Ferrarotti, A. Paoletti and the second author
in [5]. In the extended structure (A, R) where R is an r-ary relation closed un-
der FO types for r-tuples for r > 1, the equivalence relation =¥ for r-tuples is
the same for the original structure and the extended structure. That is, for all
a,b e A", (A,a) =0 (A,b) iff ((A, R),a) =FC ((A, R),b). This is not true in
SO where the quantified relations can break the FO types. The following lemma
is from [5].

Lemma 1. Let A be a o-structure. Let R be a r-ary relation closed by FO types
for r-tuples in A. Let a € R and b € A". There is formula pg(r1,...,2,) of
FO(o) such that A = ¢a(z1,...,2,.)[b] iff tph©(a) = tphC° (D).

The proof uses the diagram, A4, of the structure A. Let |dom(A)| = n
and v: {z1,...,2,} — dom(A) be an injective valuation such that v(x;,) =
a1,...,v(x;) =ap for 1 <iq,...,i <n,then pz(y1,...,yr) = Jz1...3zy (J4A
(Ai<icjcn i 7 T5) AVZnp1(Vicicn Tntr = @) A2y = g1 Ao A zi = yy))
where

5A: /\{R(xil,...,xir):A'zR(xil,...,xiT)ylSil,...,irgn}/\
Reo

/\{_'R(xiw"'?xir):A%R(mhw“amir)yl RSP A Sn}
Reo

that is, § 4 is the conjunction of the atomic formulae and negated atomic formulae
that hold in A.

The formula above, without the conjunction (x;, = y1 A-+-Ax;, = y,), is the
diagram of A. It is known that for all structure B, B |= A4 iff B is isomorphic
to A.

The Lemma below is well known and holds for many logic used in Finite
Model Theory. We include a proof for Z,i’F because we will make use of the
construction later.



Lemma 2. Let A be o-structure and ¥ be a sentence in Z,i’F for k> 1. There
exists a sentence Y4 in FO(o) such that A= ¢ iff A= Ya.

PT’OOf. Let ¢ = HFX]_l...HFXlsIVFXgl...VFXQS2 -~-QXk1~-~QXk:sk
SO(X117 . 7X1317X217 .- ,XQSQ, .o 7Xk17 N ,stk) where Q = E'F when k is odd
or Q = V¥ when k is even.

Let R{Y, ..., R;?T be all the r-ary relations closed by FO types for r-tuples
on A, then we can define each relation with an FO formula using the formulae
defined in the Lemma 1.

(AR £ Ry(yn )b b A Vg @l o9) b1 b
for 1 <j <mn,. We define éj = \/ waly1, - Yr)-
acRf
Then A E 37X ... 3 X, VEXor .V Xog, 0. Q Xkt - . Q Xies, (X115
o Xie, Xots o Xy o Xits - X, ) AfE A = 1y, with

= Vo VA A (VN

1< <ney, 1<, <ny, 1<51<00,  1<j20y <ty

(\///\) (P(qgju/th"'7(25]'151/X1817'"qgjm/XQl?"'ﬂ

1o Sy,

1<jk1<npy,

éj252 /XQSQ) ceey ngk‘l/Xklv ceey Qg]kgk /stk)a

where n,, , for 1 <t <k and 1 < u < s, is the number of different ry,-ary
relations closed by FO types for ry,-tuples.

In this way the second order existential quantifiers are replaced by disjunc-
tions over all ry,-arity relations Rﬁu closed by FO types for r4,-tuples. Theses

relations are definible by the formulae ¢;,, belonging to FO(c). Similarly, the
second order universal quantifiers are replaced by conjunctions. O

Looking at the proof of Lemma 2, note that the formula 1/3 4 depends on the
o-structure A. That is, given the set of formulae ¥ = {4 € FO(0)|A € B,},
if we fix the o-structure A, then the formula 1 € SO (o) is equivalent to the
formula 1/3 A € v

We will see now a property that we can define over a class C in order to reduce
a formula ¢ € SOF (0) to an equivalent formula ¢he € FO(o) that holds for every
structure in C, not only for a single structure A € C (module isomorphism).

Definition 1. Let C C B, be a class of structures and k > 1. A finite set of
formulae ®* is a set of intra-isolating formula for FO types for k-tuples over C
when:

i) For every structure A € C, every @, b € A* and p* € ®F it holds: if A |=
(1, ... ap)[a] and A= @ (1, ..., xp)[b] then typelC(a) = typel©(b)

ii) For every structure A € C, and every a, b € dom(A)*, if typel©(a) =
typebC(b) then there exists ¢; € ®F such that A = ¢;i(x1,...,2x)[a] and
A E pi(x1,...,25)[b], and for all ¢; € D* with j # i it holds A

wj(x1,...,zk)[a] and AW pj(x1,...,z5)[b].



iii) For every structure A € C, and every a € dom(A)* there erists ¢* € OF
such that A = o*(z1, ..., 21)[al.

A formula ¢* € &% can express that two k-tuples over a structure in C have
the same FO type even if ¢ is not an isolating formula for FO type for k-tuples.
Note that Def. 1 is based on tuples of the same structure and does not consider
the case when the tuples belong to two different structures. Then, it may happen
that the same intra-isolating formula is satisfied by two tuples from two distinct
structures with different FO types. For example over the class of r-ary full trees
with depth h (see example 1), for » > 1, the elements in the same level have
the same FO type. One intra-isolating formula (! (z;) can just express that the
element z1 has depth d with 0 < d < h. Given elements a and b with the same
depth from full trees 7, (r-ary )and 7,41 ((r + 1)-ary) respectively, then a and
b satisfy the intra-isolating formula ¢!(x1), but they don’t have the same FO
type, i.e., type%o(a) #* type%?l(b). They have different FO type because, for
example, they have a different number of siblings.

Then, if a class C has a set ¥, we can define each k-ary relation closed by
FO types for k-tuples over all structures in C. We recall that a relation closed
by FO types over A is the union of FO types realized in A. And by making
the disjunction of different intra-isolating formulae of #* we have unions of FO
types.

Lemma 3. LetC be a class of structures, k > 1 and & be a set of intra-isolating
formulae for FO types for k-tuples over C. Then every k-ary relation closed by
FO types for k-tuples R C dom(A)F with A € C is definable from ®F.

Proof. By definition of ®*, for each A, and each a € dom(A)* there exist a
formula o € @* such that A = ok (z1,...,z)[al. By Def. 1, &(xq,...,21) is
satisfied for k-tuplas on A that have the same FO type as a. Then every relation
closed by FO types RA C dom(A)* is definable with the following formula:

ga(xl,...,xk)E\/aeRAgolg(xl,...,xk). a

Lemma 4. Let C be a class of structures, k > 1 and ®* = {¢1,02,...,¢n, }»

with n > 1, be a set of intra-isolating formulae for FO types for k-tuples

over C. Then, the set {R*A € C, RA C dom(A)* and RA is closed by FO

types } is equal to the set {o”|p(x1,. .., 21) = \/ vi(z1,...,xK), D#0, D C
ieD

{1,2,...,n} and A€ C}U{0}.

Proof. (=)Let RA be a non empty k-ary relation closed by FO types for some
A € C. Then, by the Lemma 3, R* = ¢4 such that ¢(z1,...,2,) = Vacra

va(x1,...,2x) and @g(z1,...,2%) = @i(21,...,2)) for some i € {1,...,ng}.
(<) Every formula p(z1, ..., z5) = \/ wi(x1,...,x), forsome D C {1,2,...
ieD

,ni}t and D # (), define a relation closed by FO types since the disjunction im-
plies the union of the FO types which are isolated by the formulae @;(z1, ..., zk).
If R4 =0, then p(z1,...,2p) =21 A 21 A ATp # T O



Definition 2. Let k > 1, the class of structures C is a class with bounded FO
types for k-tuples if C has a set ®* of intra-isolating formulae for k-tuples. C is
a class with bounded FO types when for each k > 1 it holds that C is a class
with bounded FO types for k-tuples.

Theorem 1. Let C be a class with bounded FO types, then SO is equivalent to
FO onC.

Proof. Let A be o-structure in C, and ¢ = 37 X7y ... 3 X, VF X1 ... VE Xo,
...QXkl . ~QstkSO(X117 ce 7X131aX21a ce ,XQSZ, ce ,X}.ﬂ,. . ,stk) where
@ = 3" when k is odd and @ = V¥ when k is even. Let " = {¢1,..., ¢, }
be a set of intra-isolating formulae for FO types for r,-tuples for C with n,,,
the cardinality of such set.

We define the set I, = {4,

Arew = \/ vs(x1,...,2p,,) for D C {1,...,
seD
eyt D # 0 and o, € O™} U {xy # 21 A--- Ay, # 21, }. Note that I}, is
the set of FO(o) formulas that define every possible ry,-ary relation closed by
FO types for r4,,-tuples on C.
Then

.A ':HFXll .. .E'FXlslvFX21 .. .VFX232 o QXkl .. .Qstk<p(X11, e ,Xlsl,
Xot, ooy Xogys ooy Xits- ooy Xnsy) iff A = .

where

e = \/ \/ /\ /\ (\///\) IPREREE

N 7 N 7 N i N r Trer S4 i
Yri1 €Lr1q Vrisy €drigy Yrog €y, Vrasy €drag,

(\///\) . ()0(;5/7"11/)(117'"7;5/7'151/X1317"';YT‘21/X21?"'7

0 el
'A)/Tzsz /X252);y7‘k1/Xk1’ s "A)/Tksk /stk)'

’Yrksk Tksp

We note that all the sets fmﬂ for 1 <t <kand 1l <u < s, are finite by

Lemma 4. Then, since all disjunctions and conjunctions are finite, ¥¢ € FO. O

Ezample 1. Fixing h > 1, the class of full trees with arbitrary arity r and depth
h is an example of a class with bounded FO types. This class has an infinite
number of FO types but has a finite set of intra-isolating formulae. Given a
tuple @ in an r-ary full tree 7, and a tuple b in an (r + 1)-ary full tree 7,1,
the FO type of @ is different to the FO type of b but they can satisfy the same
intra-isolaiting formula. Nevertheless, for a particular full tree 7. if two tuples on
7T, satisfy the same intra-isolating formula then they have the same FO type. In
every full tree there are h+ 1 different FO types for elements. Since the elements
at the same level have the same FO type. As an example, let h = 2 and r = 3,
then we have the following FO types for pairs of elements:

We have an equivalence class C; for the pairs of elements which are siblings
at level 2. This class is symmetrical. The equivalence class Cs consists of pairs



which are “cousins” at level 2. This class is symmetrical. The equivalence class
Cs consists of pairs of elements which are siblings at level 1. C3 is symmetrical.
The equivalence class Cy consists of pairs where the first component is an element
in level 1 and the second component is a child in level two. Cy has an associated
class C5 with the symmetrical pairs. The class Cg consists of pairs where the
first component is the root node and the second component is an element of
level 2. Cg has an associated class C7 with the symmetrical pairs. The class Cg
consists of the pairs where the first component is an element of level 1 and the
second component is an element of level two which is not a child of the element
of level 1. Cg has an associated class Cg with the symmetrical pairs. The class
C1o consists of pairs where the first component is the root node and the second
component is a child of root node. C1y has an associated class C'{; with the
symmetrical pairs. The class C2 consists of a reflexive pair with the root node.
The class Cy3 consists of reflexive pairs with elements of level 1. The class Cy4
consists of reflexive pairs with elements of level 2. All of these classes of pairs can
be expressed with FO formulae with two free variables and all of them satisfy
an unique intra-isolating formula.

When we consider 3-tuples instead of 2-tuples the combinatorics grow but
they remain finite independently of the arity of the tree. Then all queries in SO’
on the class of full tree with fixed depth can be translated to equivalent queries
in FO.

5. SOF over Sets

A special case of structures with bounded FO types is any recursive class of
structures with a unary vocabulary. Note that in these structures the relations
are sets. We can build formulae which isolate the FO types for elements in a
given structure considering how each element participates in the different sets.
Using this formulae we can build formulae which isolate the FO type for k-tuples
in a given structure. It is interesting to see that, fixing a unary vocabulary, there
is a finite set of intra-isolating formulae for FO types for k-tuples.

Definition 3. Leto = {S1,...,S:} be a unary vocabulary. A binary conjunction
is a formula @i, 4, (x) = liy A -+ Nl with l;; = Sj(x) when i; = 1, and
li; = =S;j(x) when i; =0 for 1 <j <t andi; € {0,1}.

For example, for o = {S1, S, S5} we have the following binary conjunctions:
pooo(x) = 81 (x) A =S2(x) A =S3(x)
@oo1(z) = 2S1(x) A =Sa(x) A S3(z)

;0111({,6) = Sl(x) A SQ(.’L‘) AN Sg(x)

Lemma 5. Let o0 = {S1,...,5:} be a unary vocabulary with t > 1. Let C C B,
and ®* = {p;(z)|i € {0,1}* and ¢; is a binary conjunction}. Then, ! is a set
of intra-isolating formulae for FO types for elements on C.



Proof. We must prove that @' satisfies Def. 1.

Let A € C. First we will see that condition i) holds. Let a; and as be elements
in dom(A) such that A = ¢;(z)[a1] and A | ¢;(z)[az] for i € {0,1}", then the
bijective function f that exchanges a; with as and fixes the other elements in
dom(A) is an automorphism on A. For S; € o, with 1 < j < ¢ it holds that A |=
Si(z)[a1] & A |= S;(x)]az] since S, is in ¢; (x) either positively or negatively. All
elements a; & {a1, a2} trivially satisfy A = S;(x)[a] < A = S;(x)[a]. Then for
all a; € dom(A) and for all S; € o it holds A = Sj(z)[a;)] & A = S;(2)[f(ar))-
Therefore typef©(a1) = typeli© (as).

For condition 4i) Let a and b satisfy typef,©(a) = typef®(b), let i =iy ...4;
with i € {0,1}* and i; = 0 when A [~ Sj(x)[a] and i; = 1 when A | S;(x)[d]
for 1 < J <t then A ): Piy..iy (x)[a] and A ': Py ('T)[b] but A % @7(33)[0‘]
and A [£ o, (z)[b] for r € {0,1} and r # 1.

We prove condition #4).For ¢ and j as above, let a be an element in dom(.A).
Let 4; = 0 when A |= —Sj(x)[a] and i; = 1 when A = Sj(z)[a]. Then A |=
Pis,... it (.CL')[G] and P, i (LU) € él' o

Lemma 6. Letk>1,t>1, 0 ={S51,...,5:} a unary vocabulary and C C B,.
Let @8 = {py, (x1) A+ A pu, (T)| pu, is a binary conjunction, w; € {0,1} and
1 <1< k}. ®* is a set of intra-isolating formulae for FO types for k-tuples on
C.

Proof. Let A € C. We prove the condition i) of Def. 1. Let a,b € dom(A)* and
Guy (1) Ao A oy, (T1) € ®* such that A | @u, (1) A -+ A @y, (z)[a] and
A E @u, (1) A A @u, (21)[b]. Let f; be the bijective function that exchange
a; with b, for 1 < I < k and fixes the other elements in dom(A), f; is an
automorphism as we show in Lemma 5. Then the composition fi o---o fi is
an automorphism that exchanges the k-tuple @ with the k-tuple b, and fixes the
other elements in dom(A). Therefore type4©(a) = typef© (b).

For condition #i) we suppose that for k-tuples @ and b it holds thattype4© (a) =
typef© (b). Let @y, (x1) A -+ A @y, (x) with u € {0,1} and w = iy ...4; such
that ;.. 4, () is as the proof of Lemma 5 and 1 <1 < k. Then A |= ¢y, (2;)[ai]
and A E ¢y, (z;)[b] and for all r € {0,1}" such that u; # r, A & o (@)[a]
and A = ¢, (z)[by] for 1 <1 < k. Therefore A |= ¢y, (x1) A - -+ A @y, (zx)[a] and
A E @uy (1) A A oo, (z5) [, with @, (1) A+ A @y, (z1) € ®* and for all
Qo (T1) Ao A oy, (1) € PF with vy ...vp € {0,1} and uy ... up # vy ... v it
holds that A = ¢y, (1) A -+ A @y, (z1)[a] and A = oy, (1) A+ A @y, (21) [0]

We prove conowndition iii). Let @ = (ai,...,a;) € dom(A)*. Let u;, =0
when A | —Sj(x;)[a;] and w; = 1 when A = Sj(2;)[a] for 1 <1 < k and
1 <j <t then A = ¢y, (x)[a;] for u; = wy, ... uy,. Therefore A = @, (1) A
N Py (@)[a] and gy (21) A+ A Py (1) € BE. 0

Theorem 2. Let C be a class of structures with unary vocabulary, then SO is
equivalent to FO on C.

Proof. Let t > 1, and ¢ = {S1,...,5:}, and C € B, then, for all & > 1,
by Lemma 6, ®* = {@,, (1) A -+ A @y, (Tk)|¢w, is a binary conjuntion, u; €



{0,1}* and 1 < I < k}, is a set of intra-isolating formulae for FO types for k-
tuples over C. Therefore, by Theorem 1, SO is equivalent to FO on C. a

Among other queries, the parity query® over sets is not expressible in SO
since as it is well known parity is not expressible in FO. However this query is
expressible in SO for structures of arbitrary vocabulary, in particular for unary
vocabulary. Then, the following Corollary is immediate.

Corollary 1. SO is strictly included in SO.

6. Conclusion

In the existential fragment 211 ' of SOF we can express co-NP problems .
In [4] we proved that there are NP complete problems that can be expressed in
211 * However we cannot express in full SOF the parity query which is in P.
Then we can conclude that different logics allow orthogonal classifications of the
problems with respect to the classic classification of computational complexity.
These orthogonal classifications can be used to refine the classic computational
complexity classes, providing us more information about certain problems.
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